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1 Further Lebesgue integration theory

1.1 Notation and the space C*

Notation:

Let U C R" be open. Then C* (U) is the space of all k-times continuously differentiable complex valued functions on U
and C* (U) = (4=, C* (U). These are complex vector spaces.

Now let a = (a1, @2, ..., ) € (Z>0)". Then define

lelf (9 N[ 9™ o\

We will also write 2% = (z1)™" (22)** ... (z,)"" and a! = a;las!...a,,!

o] = a1 + s + ... + a, and

We can also write this as D*f.

Note that in this course, most theorems work in the real or complex numbers unless stated otherwise. Notable examples
where we need one and not the other are the Riesz Representation Theorem only giving a natural isometric isomorphism
in the reals since it is anti-isometric in the complex numbers, and Fourier transforms only making sense in the complex
numbers.

Definition. Let ¢ € C(U) for some open set U, then its support is the closure (relative to U, not R™) of the set
{zr eU:¢(x)+#0}.



For 0 < k < oo define C¥ (U) to be the subset of C* (U) consisting of functions with compact support. Note that this is
a vector subspace of C* (U).

Note: The relative condition is important: The function that is identically 1 on By (0) does not have compact support
because Bj (0) is the closure in R™, not in B; (0). In fact, if the closure in R™ is not a subset of U then there will be an
accumulation point of {x € U : ¢ (z) # 0} missing from the support so there will not be compact support. We therefore
may say that compact support means the support is compact and a subset of U.

Proposition. There exists a non-negative function ¢ : C° (R™) such that its support is B; (0) and % (0) # 0 and its
integral over R™ is 1.

0 t<0
Proof. Let x (t) = { Ry - 0 Then this is C*°. Now define ¢ (z) = x (1 -2 |ac|2)7 then this satisfies all conditions
e >

of the proposition except possibly the integral (recall from Analysis that compositions of C*° functions are C'*°), which

we solve by dividing it by its total integral.

Corollary. For any open set U, C2° (U) is not the trivial subspace consisting of the 0 function.

Let U C U’ C R™ and U,U’ be open. Note that if f : U — C has compact support, say the support is K, then the
continuous function on K equaling the distance from that point to the boundary of U attains a non-zero minimum on K,
so as you approach the boundary of U, f will approach 0 and in fact f will be identically 0 if you are sufficiently close to
the boundary. Therefore, we can extend f to a function with compact support on U’ by setting it to 0 on U’ \ U and it
is guaranteed to still be smooth. This means that C* (U) C C* (U").

1.2 Convolutions of functions

Let U be open and let ¢ € C* (U), then extend ¢ to R™ by ¢ = 0 on U®. Define T,¢ : U — C by y + ¢ (y — ) for some
2. Then by the above discussion, if x € B, (0) for ¢ sufficiently small then T,¢ will have compact support.

Note that we may sometimes write 7,,¢ for T,¢ and it means exactly the same thing.

Proposition. Suppose p € [1,00) and g € L? (R™). Let (z;) be a sequence in R™ such that z; — 0 as j — co. Then if
T,g is defined as above then Hszg — gH — 0 in the LP norm.

Proof. Step 1. Suppose g is the indicator function of a rectangle defined by
R = (a17b1] X (ag,bg] X ... X (a,,“bn]

Now when we do T, to g each side is translated by a distance of at most |z;|. Without loss of generality assume j is
large enough such that |z;| is less than the minimum side length of the rectangle. Then we have that when we translate
by a component of the z; vector, imagining doing this one at a time, at each step the integral of the absolute value of the
difference is at most 2 |z;| I} where Iay is the maximum side length of the rectangle. Therefore we have that

ax

HTng — gHg < 2n |z 150

max
Since p < o it follows that the theorem is true for each such g

Step 2. Now suppose g is the indicator function of a measurable set of finite measure and fix € > 0. By properties of the
Lebesgue measure there exists compact K and open U such that K C A C U and |U\ K| < (%)p. Since U is open we
can write U as the union of open rectangles by U = |J,, Ra. Since K is compact it is covered by a finite subset of these,

. N
so write K C | J;,_, R; := B.
Note that K € B C U so AAB C U \ K so it follows that we have

1 3
14 —1gll, = [AAB||» < 3

w



Also by step 1 we know there exists J such that j > J implies
€

7.5~ 1], < &

Therefore
|T.,14 — 1A||p =||T:1a =Tl + T2, — 15+ 1p — 1AHp

<17y 1a ~ Tl + 122,15 — 16, + 16 — Ll
= ||7:,15 - 13Hp +2|1p — 1all, <e
Note that if g can be written as Zf\il gila, where A; each have finite measure, then we have

N
HTng - ng < Z |gz| HTZJ ]-Ai - 1Ai
=1

—0
p

Step 3. Now suppose that g € L? (R™).

Fix € > 0. Then by definition of the Lebesgue integral there exists a simple function g = Y. | §;14, where g; € C and
|A;| < oo such that (after considering the real and imaginary parts separately then positive and negative parts separately)
lg — gll, < 5. By step 2 we can find J such that j > J implies

~ ~ 3
I7-9-3l, < 3

Now we have
1729 - ng =T - T+ T -9+ 35— ng

< |79 - T, + 1723 = all, + 113 — gl
=79 -3l +213 -9l <e

This completes the proof of the proposition.

O

Definition. Let f, g be functions R™ — C. Then we define their convolution as follows, provided the integral in question
exists:

(fxg)(@x)= [ f(y)g(r—y)dy

R

Remark. If f is the density of a probability measure v then this is equal to the convolution vxg as defined in the probability
and measure course.

Proposition. Let f,g,h € C. (R™). Then fxg=g*f and f*(gxh) = (f xg) xh and

| ra@de= [ j@ds [ g

n

Proof. Note that it is not enough to just prove the product formula then use commutativity /associativity of multiplication
because functions having the same integral does not make them equal. So using the change of variables y = x — z we have

(frg) (@)= [ fy)g(x—y)dy= (x—2)g(2)dz = (g f) (z)

Rn R

We use the fact that there is compact support to use Fubini’s theorem. Then we have (using the substitution w =y + 2)

Fetanl@ = [ 16 ([ ant-y-2ds)ay

[ s ([ stw-nhe-wan)a



[ ([ 10sw-n ) i~ wyaw =)=l (2)

[ tra@d= [ ([ 1wo@-nay)a
[ ([ 1wsa-ni)a
[ (16 [ ote-pas)ay
~[ (s [ ata)a

= lRwf(ac)d:c/ng(x)dx

Now we calculate

as required.

O

Lemma. Let f € C.(R") and let (2;) be a sequence in R™ with z; — 0 . Then for any x € R" we have T, f (x) — f ()
as j — o0

Proof. Since z; — 0 this follows by continuity of f and the definition of T, f

Lemma. Let f € C. (R™) and let (z;) be a sequence in R™ with z; — 0 . Then

17,0 @) < (s09171) 15,00 0

for some R > 0 and for all j

Proof. Since z; — 0 there exists some P > 0 such that z; € Bp (0) for all j. Then note that supp (f) is also bounded
which means that there exists R > 0 such that supp (7%, f) € Bg (0).

This implies that T, f =T~ f1p, (o) (z) so we have

17,7 @) = 1T, )] 100y () < (530171 Lo ()

Definition. Given a function f and h # 0 define

f(x+he;) — f ()
h

Al () =

Lemma. Let f € C! (R") and let (h;) be a sequence in R with h; — 0 . Then for any z € R" we have

Al f (@) < (sﬂyﬂplDif> 150 ()

for some R > 0 and all j



Proof. As above there is a P with |h;| < P for all j. For similar reasoning to the proof above there exists R such that
suppA?jf C Bg (0). Therefore A?jf (x) = A?jf (%) 15,0y (z). Therefore

881 @) =7 @) g0 @) < (50919111} Lo (@)

Note: By the mean value theorem A?j f (z) always equals D; f (z) for some x so the last inequality is justified.

O

Definition. L] . (R") is the set of functions that are Lebesgue integrable on every compact subset of R™, quotiented out
by functions that are equal almost everywhere. Note that this contains all bounded measurable functions, for example.

Note that this means “locally integrable” - the definitions are equivalent as if it is integrable on every compact set then it
is integrable on a neighbourhood about every point. If it is integrable on a neighbourhood about every point then by the
finite subcover property it is integrable on every compact set.

Theorem. Let a be a multi-index as introduced at the beginning and let f € Ll (R") and g € C* (R") for some k > 0
. Then f g € C*(R") and
D (fxg) = f=(D%)

for any multi-index « with |of < k.

Proof. Step 1. We would like to prove this for k£ = 0. It suffices to prove that f x g is continuous. To do this it is enough
to prove the result that f * g (x — z;) — f % g (z) for any 2 € R™ and sequence z; — 0. Note that

frg(x—2)= Rnf(y)g(:v—zj—y)dy= IRnf(z,/)Tz_jQ(sv—y)dy

Hypothetically if we could swap the limit and the integral this would complete the proof. Indeed we can because by an
earlier lemma and g € C, (R") we have

7, = )] < (suplol ) Lo (2~ )

Therefore

£ Tag (=) <170 (s9191) 100 ()

This is therefore a suitable dominating function for the dominated convergence theorem because f € L11OC (R™).

Step 2. Now suppose that k = 1. Then f x D;g is continuous by step 1. To show that f x g is indeed C' we will show
that for any # € R™ and any sequence (h;) C R with h; — 0 we have

lim Afjf*g(ar) = fxD;g ()
j—o00

It will then follow from step 1 that this partial derivative is indeed continuous which then implies that fx g is C' and the
theorem is true for k = 1, so it remains to do this limit calculation.

_ Srglathye) = frg(a)
h

:/nf(y) <9($+hjei—hy)—g(w—y))dy

= LW A g (@ —y)dy

AV fxg (@)

An argument analogous to the previous case where we use a lemma above and apply dominated convergence implies the
limit.



Step 3. The general case is now an easy induction.

Lemma. Let K C R™ be compact and let FF C R™ be closed. Then their Minkowski sum

K+F={z+yeR":ze K,ye F}

is closed

Proof. Let z,, be a sequence in K + F with z,, — z, then we want to show that z is in K + F. For each z,, write it as
Tm + Ym With x,, in K and y,, in F'. Then take a subsequence z,,, that is convergent and consider z,,, + Ym,. Note that
Ymy = Zmy, — Tm, 18 also convergent, and the limit point of x,,, + ym, is in K + F since they are both closed, as required.

O

Definition. For a general measurable function its support is the set of all closed sets where it is 0 almost everywhere
outside that closed set.

Proposition. Let f € L _(R") and g € C* (R") for some k > 0. Then

loc

supp (f * g) € supp (f) + supp (9)

Proof. It f * g (x) # 0 then there exists y € R™ such that y € supp (f) and 2 —y = z € supp (g), by definition of f * g.
Therefore, x = y + z with y € supp (f) and z € supp (g). This implies that

{z €R": fxg(z)# 0} Csupp(f) +supp (g)

But we know supp (f) + supp (g) is closed since supp (f) is closed and supp (g) is compact. Therefore, the closure of
{z € R™: f*g(x)#0} is in supp (f) + supp (g) as required.

Lemma. Suppose 1 < p < oo and let ¢ satisfy % + % = 1. Then for a measurable function f : R™ — C, we have

151, =swwd [ 17 @ ol g€ L@, gl <1

Proof. Assume ||g|, < 1. By Holder’s inequality we have

/n | (@) g (@) de <[[f]l, 9l <IIf1,

Taking the supremum over all such g implies

I, 2 s { [ 15 @)@ g L1, Jol, <1}

To show that this bound is attained we will exhibit a function g that achieves this bound. We split this into 3 cases.

Case 1. 1 <p,g< 0

In this case set g (x) = |f”(;‘f,|j;1
P

Then

_ [ @ @P
”g”q‘/Rn TR = .



Now evaluate the integral

[woia= [ Lo - |%” - 11,
p

Therefore the supremum is attained.

Case 2. p=1,g=00

Setting g = 1 everywhere gets the job done.
Case 3. p=o00,q=1

For any € > 0 the set A. = {z : |f (x)| > || f||.o — €} has positive measure by definition of || f|| .. If necessary, choose a
measurable subset B C A, such that B has finite measure. Define g () = ﬁlg (x), then ||g||;» = 1. Then we have

[ t@o@lde = — [ @lde> 2 [ (7l —2)do = 7l -

Then the supremum is at least || f||, since e was arbitrary.

If || f|| ., is infinite then f is infinite on a non-measure 0 set, so setting g to be 1 on some non-measure-0 finite-measure
subset of this set proves that the lemma is true in the extended reals i.e. [0, c0].

Theorem. (Minkowski’s integral inequality) Suppose 1 < p < oo and F' : R® x R® — C is integrable. Set G (y) =

fR"F(x y) dx ) |
V /nF(x’y)dmpdy]p </, U F(ay)lpdy]pdx

Proof. Let ||g|l ;. <1 where % + % = 1. Then
F(z,y)dz

/n IG(y)g(y)\dyz/n .
<[ [ 1F @l dody

Since the integrand is non-negative we have

-1, </ IF (2y) |g<y>|dy) "

= / (/ I (. y)" dy)é (/R |9(y)|qdy) " dr
-/, ( /| |F($,y)|pdy);dx

Now to deduce the theorem we want to change the left hand side of this chain of inequalities to

[ remad o]

IGl, = sw [ 16w 9wl dy

llgllg<1

We have
lg (y)| dy

By Holder’s inequality we get

By the preceeding lemma we have



But |G|, is exactly

[\ rema] s

Now since the bound holds for [, |G (y) g (y)| dy every such g , it also holds for the supremum, so done.

O

Proposition. Suppose ¢ : C2° (R™) is non-negative, has support contained in B; (0), and integrates to 1 over R™ and
define ¢ (y) = % ¢ (£). Then if f € C¥ (R™) then ¢,  f is Cs and we have

D (¢e x ) = D*f

as € > 0 and the convergence is uniform on R™ for any multi-index with |a| < k.

Proof. Note that it is easy to see that [y, ¢c (y)dy =1

By the earlier general theorem on the derivative of convolutions, we have that ¢. x f is C, and that D (¢. x f) = ¢+ D f
for any |a| < k. We now calculate

D (¢e x f) (z) = D*f (x) = - b= (y) D f (x —y)dy — D f (x) . b (y) dy
= L. b= (y) [D*f (x —y) — D* f (z)] dy

= [ @) Do @)
B1(0)

Using y = €z and the fact that ¢ has support in B; (0). Therefore

[D (¢e % f) (x) = Df (z)] < / ¢ (2) |D°f (x —ez) = D°f (z) dz

B1(0)
< sup [Df(z—ez)—D"f(z) ¢ (2)dz
z€B1(0) B1(0)
= sup [D°f(x—ez)—Df ()
z€B1(0)

Since D®f is continuous by assumption and has compact support it is uniformly continuous. For € > 0 there exists a §
such that if v,w € R™ with |v, w| < § we have

|Df (v) = D*f (w)| < e
Now assume € < §, then we have
sup |DYf(x—ez)— D f(z)] <e
z€B1(0)

This is a bound for |D® (¢ x f) (z) — D*f («)| that is z-independent so we have convergence and it is uniform as required.

O
Lemma. L? (R") C L} (R")
Proof. Let % + % =1 and let F be a compact subset of R”. By Holder’s inequality with f = fl1p and g = 1 we have
1
Lif1<uEy =g,
Then the result follows.
O



Proposition. Suppose ¢ : C° (R™) is non-negative, has support contained in Bj (0), and integrates to 1 over R™ and
define ¢. (y) = % ¢ (%). Then if g € L? (R™) with 1 < p < 00, then ¢. g is Cx and ¢ x g — g in L? (R") as e — 0

en

Note that we expect something convolved with something like ¢. to approximately equal the function - since convolution
on probability densities gives the density of the sum of the distribution and adding a probability distribution concentrated
near 0 will not change the density much.

Proof. Because LP (R™) C Li (R"), an earlier theorem establishes the smoothness of ¢. x g. By the calculation from the
previous proposition, we have

(¢ x 9) (x) — g (2)] < - ¢ (2)|g(x —e2) — g ()] dz

Therefore by Minkowski’s integral inequality we have

1

(0er9) (@) =9 @l = | [ N6 x0) @) - g s

<[/, ]

<[ [ e@rue-e-g@ra) e

¢ (2) g (x —ez) — g ()] dz
]R‘n.

= . ¢ (2) HTazg_ngdZ

We will set €; to be a real sequence tending to 0 and we will try to show that [|(¢e x g) (z) — g (z)[, — 0. Since

HTEjngp = [lgl|,, we have
¢ () [|Te;29 — 9|, < 20(2) lgll,

Since ¢ (z) is continuous and supported on a compact set, it is bounded, so the dominated convergence theorem may
be applied to ¢ (2) HTEJ.Zg — g||p. By an earlier proposition we have that this tends pointwise to 0, so the dominated
convergence theorem implies the result.

O

Proposition. Suppose ¢ : C° (R™) is non-negative, has support contained in Bj (0), and integrates to 1 over R™.
Suppose that f € C* (R™) with supgn. |[D*f| < oo for all |a| < k and g € L* (R™) with g > 0 and [, g (z)dz = 1. Set
g- (y) =€ "g (e7'y). Then f*g. € C* (R™) and as € — 0 for any multi-index with |a| < k we have

D*(f *ge) (x) = D f (x)
Proof. By an earlier theorem we have D (f x g.) = (D*f) * g for any |a] < k. So we have

D (f xge)(x) = / g(z2)Df (v —ez)dz
For each fixed z € R™ and z € R™ we have

g(2) D[ (x —ez) = g(2) D*f (x)

as ¢ — 0. Also, we have

g (2) D f (x —e2)| < g(2) sup [ D* f]

so the dominated convergence theorem implies that

D“@f*&)@ﬁ—»Daf@»/’g(@dzzszcw

n



Proposition. Let U C R™ be open and let K C U be compact. Then there exists x € C2° (U) such that x = 1 in a
neighbourhood of K.

Proof. Note that by the extreme value theorem there exists € > 0 such that the nearest distance from K to the boundary
of U is greater than 4e.

Define K. = K + Bs. (0). This is compact because it is the sum of 2 compact sets and it is contained in U.

Now define ¢. as earlier. Consider y = ¢.x1.. Then since this is an L! function convolved with a C2° function we know
that x is C*°.

By the way, this process of smoothening a function by convolving it is called mollification, and the function ¢. is called a
mollifier.

Given y and using the supp (f x g) C supp (f) + supp (g) property of convolutions proved earlier we get

supp (x) € K. +supp (¢:) € K + Ba. (0) + B. (0) = K + B3 (0) CU

This implies that x € C2° (U). Now suppose « € K + B, (0), then z + B (0) C K, so

X (z) = - ¢ (y) 1k, (x —y)dy

=/ ¢e<y>1kg<x—y)dy=/ be (y)dy =1
B.(0)

B:(0)

Thus x () is indeed 1 in = 4+ B, (0) which is a neighbourhood of K.

1.3 Lebesgue differentiation theorem

From now on if S is a set and I write |S| it means p (S) unless otherwise specified.

Definition. Given an integrable function f : R™ — C define the Hardy-Littlewood Maximal function M f as follows:

1
MI@) = s | 1f @l

Lemma. (Wiener’s covering Lemma) Suppose Bi, Bs, ..., By is a finite collection of open balls in R™. Then there exists
a subcollection B;,, Bi,, ..., B;, of disjoint balls such that

=

k
B c |J3B,
i=1 j=1

(2

It then follows that

N k
vol <U Bi> <3"> vol (B;,)
, i

Proof. Without loss of generality assume Bj, B, ..., By are ordered largest to smallest. Start by picking Bj, then it is
easy to see that the next ball not fully covered by 3B is disjoint from Bj since it is smaller; draw a picture if you need to,
so we pick the next one not fully covered. Repeatedly pick the first not-fully-covered one until you are done; it is always
disjoint from the previous ones because it is not covered by 3 times any of the previous ones.

10



Lemma. Let f € L' (R") for n > 1. Then M f is measurable, finite almost everywhere, and for all A > 0 we have
3"L
p{z: Mf(z) >A}) < [fllL

Proof. Define Ay :={z: M f (z) > A}. Then for each x € Ay there exists a radius r, such that

1
I B @) /B oy Wy >

Now we first want to show that Ay is open. Suppose for a contradiction that z € Ay, x,, — = and z,, ¢ Ax. Then by the
dominated convergence theorem we have

1 1
I B @) /B oy TN = B ) /B AL

however, by assumption, the RHS is > A, and also by assumption and definition of M f the LHS is < X for all m, so this
is a contradiction.

Since A) is open it follows that M f is measurable.

Now let K C Ay be compact and cover it by B, (z) for each = and take a finite subcover By, Bs, ..., By by compactness.
By Wiener’s covering lemma there exists a disjoint subcollection B;,, B,,, ..., B;, with

k

K| <3"> |B;,|

Jj=1

Therefore we have

|K|<—Z/B )l dy

- (wm)
-

since the volume of something is at least the integral of something at least A over that volume divided by A.
Therefore we have
37’L
TR
The result follows since this holds for all K C A, and the Lebesgue measure equals the supremum over such K.

Finally note that as A — oo, u (A)) tends to 0 so indeed M f is finite almost everywhere.

Theorem. (Lebesgue Differentiation Theorem) Let f : R™ — C be integrable. Then for almost every € R™ we have

. 1 -
B B o 0 @y =0

Note that this holds if f is defined on an open set U C R"™ by considering f1y defined on R".

Proof. For each A > 0 define

no.1: 1
Ay = {96 eR 'hrfjélpvol(BM/Br(x) |f(y) = f ()| dy > 2)\}

If we can show that |Ax| = 0 for all A then we will be done because the set of points that fail the proposition is U5 A L.

11



To do this fix ¢ > 0. We can find g € Cg° (R™) such that ||f — g||;1 <e. (I proved this in my probability and measure

notes). Now we have
1

Vol (B, (1)) /Bm) |f (y) = f ()| dy
1

1
< Vol(BT(x))/BT(I)f(y)—g(y)ldy+m1(Br($))/&(z) lg () — g (x)|dy + |g (x) — f (z)]

By the definition of the Hardy-Littlewood Maximal function we have the following bound for the first term:

1

\/()](BT(;L'))/BT(I)|JC(y)9(y)|dy§M[fg] (z)

Since g is continuous we have

lim sup

1
0 VOI(BT(QJ))/BT(I) l9(y) =g (2)[dy =0

Therefore

. 1
lim sup

w10 = £y < M1 =] @)+ 15 o) =g o)

If x € Ay that means that either M [f — g] (z) > X or |f () — g (z)| > A. By the previous lemma we know

n

ple M~ g () > A} < 5

By Markov’s inequality (although this is not probability, it is the same principle, we have)

1 —glly _
A

plz:|f(z) —g(x) > A} < 7%

Therefore we have
143"

|[Ax] <

Thus it is 0 since € was arbitrary.

Definition. We say that an = where the theorem above holds is a Lebesgue point of f.

1.4 Other measure theory stuff

Theorem. Suppose A C R™ is measurable with finite measure. Then for all € > 0 there exists a set B which is a finite
union of rectangles such that the symmetric difference AAB has measure less than ¢

Proof. This follows from the fact that by general measure theory (i.e. the outer measure from the proof of the Caratheodory

extension theorem) a countable union of rectangles covering the set can get to a measure within § (since an uncountable
set of rectangles cannot have finite total measure) and some finite subcollection of the rectangles can have a symmetric

difference of less than § to that countable collection of rectanlges and therefore less than e to the original set.

O

Theorem. (Egorov’s theorem) Let £ C R™ be measurable with finite measure and let fy — f a.e. on E. Then given
e > 0 there exists a closed set A. C E such that p(E\ A;) < ¢ and fr — f uniformly on A..
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Proof. By discarding a set of measure 0 if necssary we can assume f;, — f everywhere. For each n,k € N let

E,?{xGE:|fj(x)f(x)<711f0rallj>k}

Fixing n we note that £’ C E}',; and that Up2, EY! = E by pointwise convergence. By countable additivity it follows
that w (E}) = (i (E). Pick ky such that p (E\ Ep ) < 27", then we have that for all j > k, and = € E} that

Ifj (z) = f(z )| < 1 Now pick N with Y7 27" < £ and let
= ﬂ B
n=N

Now observe
oo

p(E\ A < Z (E\E})

w\m

Now let § > 0. Pick n > max (N, ) and note that = € A. implies that = € E}. . We deduce that |f; (z) — f (z)| < § for
all j > k,, and therefore f; — f uniformly on A.. Also, we can pick a closed set A. C AL such that u (AL \ A;) < § and
thus p(E — Ag) <e

O

Theorem. (Lusin’s theorem) Let £ C R™ be measurable with finite measure and let f be measurable and finite valued
on E. Then for all £ > 0 there exists a closed set F. C F with t u(E\ A:) < e and f restricted to F. being continuous.

Example. If f = 1g on [0, 1] then it is nowhere continuous but it would be if we consider it as a function of the irrationals
between 0 and 1 which is “almost all” of its domain.

Proof. First suppose that f is a simple function so f = >_}" | axla, for some measurable sets Ay with finite measure. We
may suppose that the Ay are disjoint and they have union E (we may add a 0 term to achieve this). For all € > 0 we can
pick compact sets Ky C Ay with

€
| A\ Ki| < —
m
Let B =J;-, Ki. Then |E \ B| < €. Since the sets K are compact and disjoint (so the minimum distance between any

2 of them is strictly positive) and f is constant on each of them, it follows that f is continuous on B.

Now let f,, be a sequence of simple functions such that f,, — f almost everywhere (possible by measurability). Then we
can find C), with measure less than 27" with f,, continuous outside of them and by Egorov’s theorem we can find a set
Ae such that p (E \ Ag) < £ and f, — f uniformly on Ac. Let N be sufficiently large such that SN2 < $. Now
define

=Ag\ DCn

n=N
This means that x4 (E \ F!) < % and f, is continuous on E \ F. for each n > N. Since they converge uniformly to f it
follows that f is continuous on F Therefore, picking F. C F! closed with u (E \ F;) < € gives the result.

Definition. Let (E, &, u) be a measure space. It is said to be complete if it contains all subsets of measure 0 sets.

Proposition. Let (F, M, 1) be a measure space obtained from the Caratheodory extension theorem. Then it is complete.

Proof. Let A € M be a measurable subset and let N be a null set i.e. a subset of a measure 0 set. Then AU N has the
same outer measure as A and satisfies the criterion to be in M, since for all B C E we indeed have

W (B) = u* (BN (AUN)) + u* (Bm(AuN)C)

13



which is the criterion to be in M, as adding subsets of N to a set affects its outer measures by an arbitrarily small amount
and therefore by 0.

O

Proposition. Let (E, M, 1) be a complete measure space and let f be a measurable function on E. If g : E — R is such
that f = g almost everywhere then g is measurable.

Proof. Follows from the fact that A = {f < a} is measurable and {g < a} differs from that on a null set and thus is also
measurable.

Proposition. Let (E, &, 1) be a measure space and let 1 < p < oo and let g, be a sequence in L (E, i) such that

n=1
Then there exists f € L? (E, u) such that

Zgn:f

n=1

where the sum converges pointwise almost everywhere and in L (E, p1)

Proof. Fix representative functions from each equivalence class in LP, i.e. for each g,, € LP pick some g, in its equivalence
class.

Define h,,h : E — [0, 00] by

The monotone convergence theorem implies that
/ hPdup — / hPdu
E E

Define K := 3277, [|gx|l,,- By Minkowski’s inequality we have

n
Ihall, <3 llgwll, < K
k=1

It follows that h € LP with |[h]|, < K which implies that & is finite almost everywhere. At each x where h is finite we
have that 2211 gr. converges absolutely and therefore converges. This means the sum in the statement of the proposition

converges almost everywhere to a function f that we will define to be 0 in places where the sum does not converge. In
particular, this f satisfies |f[ < hso || f][, < [|2]|, < K (note || f[|, < [|A[l, by the Minkowski inequality and the definitions

of f and h). Also, we have
P n p
< <f|+Z|§k|> < (2n)"
k=1

n

f—ZEIk

k=1

So the dominated convergence theorem implies that Y-, g, converges to f in LP. Note that different choices of repres-
entatives result in everything differing on a countable union of measure 0 sets which is still a measure 0 set.

14



O

Theorem. Let f,, be a Cauchy sequence in L? (E, u) for 1 < p < oo . Then it has a subsequence that converges pointwise
almost everywhere.

Proof. Step 1. First suppose p < oc.

By the Cauchy property we can find a subsequence such that ank+1 — fnka < 27%. Then if g, = frnis — fn, then

Sl 9gnll, < oo so by the previous proposition there exists g € L? such that ) gi = g almost everywhere. The result
therefore follows.

Step 2. Now suppose p = c©.
For each m € N there exists am n such that for all j, k > n we have |f; (z) — fi ()| < = for all # except on a measure 0
set which we will call N; .. Then by countable additivity and properties of countable sets the union of all N; ,, over

all triples of integers j, k, m is a measure 0 set which we will call V.

By completeness of R or C we have that for each x ¢ N we have f; (x) — f (x) for some f (z) € C where we define f (z)
to be 0 in N. Then note that for j, k¥ > n we have

1
:;E\fj (@) = fu (@)l < —

Sending k — oo we get
1
sup |f; () — f (@) < —

z¢ N

So we conclude f; — f in L°°and we actually didn’t have to take a subsequence.

O

Theorem. Let F be a measure space and let 1 < p < oo and let S be the set of all complex, measurable simple functions
on FE such that

p({z:s(x) #0}) < oo
Then S is dense in LP (E, u)

Proof. First let f be real and non-negative.

Let f >0 with f € LP (E, 1) and define
fn () = min {2" LQ*”f (x)J ,n}

Then f, € Sand 0 < f,, < fand f,, f € LP (E,u) and f, — f and |f — f,|” < |f|” so the dominated convergence implies
that f, — f in LP.

If f is general complex split it into its positive real, negative real, positive imaginary and negative imaginary parts and
add the results.

2 Further Banach and Hilbert space analysis

2.1 Topological vector spaces

First we look at some basic properties of topological spaces.
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Notation: Let F be any subset of a topological space. Then we write E° to be the interior of £ which is the union of all
open sets contained in E.

Definition. Recall that a base or basis for a topological space is a collection of open sets such that every open set is a
union of some open sets in this collection. Define a local base to be a collection v of open neighbourhoods of a point p
such that every neighbourhood contains a member of .

Proposition. Let S be a Hausdorff topological space and let E C S. Then p is a limit point of E if and only if every
neighbourhood of p contains infinitely many elements of E.

Proof. If every neighbourhood of p contains infinitely many elements of E then p is obviously a limit point.

Conversely, let p be a limit point and let U be a neighbourhood intersecting E in only finitely many points, say
{z1,22,...,2n5}. Then by the Hausdorff property we know there exists disjoint open sets U;, V; with z; € U; and p € V;
since the neighbourhood must intersect £ in a point other than p itself by definition of a limit point.

Now consider ﬂfil V; N U. Then this contains p and does not contain any other points of Econtradicting the limit point
assumption.

O

Proposition. Let U C R™ be open. Then there exists a sequence of compact sets K, such that K, is in the interior
of K, 41 for all n and their union is U, and any compact set K C U is contained in some K,,. We call this sequence an
ezhaustion of U.

Proof. Tt clearly holds if we let d(x) be the nearest distance from x to the boundary of U and observe that this is a
continuous function, then define

Kan(o)U{zeU:d(x)Z;}

Then each arbitrary K compact is contained in some K, by boundedness and the fact that it has a minimum distance
that is greater than % for some n by the extreme value theorem.

O

In this section a topological vector space has the same definition as in linear analysis. In this course, we add the additional
condition that sets consisting of single points are closed, which we will later show implies (in a topological vector space)
that the space is Hausdorfl, and is therefore equivalent as we know from the topological spaces course that Hausdorff
implies sets consisting of single points are closed.

Definition. A subset E of a topological vector space is bounded if for every neighbourhood V of 0 there exists s > 0
such that E C tV whenever t > s.

Theorem. A normed space with the metric topology is a topological vector space. Furthermore, in a normed space FE is
bounded in the above sense if and only if it is bounded in the norm sense.

Proof. Note that the metric topology is Hausdorff so one-point sets are indeed closed.

Step 1. Check that addition is continuous

Let U be an open set in X and let x,y € X such that z = x4+ y € U. By openness of U in the norm topology there exists
r > 0 such that B, (z) C U. If we let W = B, 5 (x) X B,/ (y) then W C (+)"" (U) so every point in (+)"" (U) has a
product of open balls around it, so W is open in the product topology. This implies that pre-images of open sets are open

so addition is continuous.

Step 2. Check that scalar multiplication is continuous
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Let ¢ be the underlying field for the vector space. Let € X and a € ¢ such that z = ax € U. By openness of U in the
norm topology there exists r > 0 such that the set B, (z) C U.

Let 0 < e < % Let W = B. (a) X B: (z) and let (a’,2") € W. Then we have

[a'z" —z|| = |[(a —a) 2" —a(z —2")| <|[(a' —a) 2| + |la(z — 2")|| < e([Jz]| +¢) + |a] e
<e(lz||+14a]) <r

Therefore we have W C (-)~" (U) C ¢ x X. Since (a,2) € ()" (U) was arbitrary and there is a product of open balls W
around it in (-)”" (U), it follows that (-)~" (U) is open so multiplication is continuous.

Step 3. Check the thing about boundedness

Suppose F C X is bounded in the sense defined above. Then E C tBj (0) for some ¢ > 0 which implies that F is bounded
in the norm sense.

Conversely, if E is bounded in the norm sense then it is contained in By (0) and every open neighbourhood of 0 contains
some B, (0) by definition so for this open neighbourhood s = % works to make F bounded in the sense defined above.

O

Remark. Although the theorem above establishes equivalence in a specific case, notions of boundedness can be not the
same in general.

Proposition. Let S1,.5,,53 be topological spaces and let f : S; x So — S3 be continuous with respect to the product
topology. Then for each a € S; and b € Sy the maps f, : So — S5 sending y to f (a,y) and fp : S;1 — S3 sending z to
f (z,b) are continuous.

Note that the converse is false: Continuity with each variable constant does not generally imply continuity.

Proof. For a € S; define i, : So — S1 X S2 by i, (y) = (a,y). Then this is continuous since pre-images of unions of
products of open base sets must be unions of open base sets in S; and thus open in S3. Then since f is continuous and
fa = foia, fo is also continuous since compositions of continuous functions are continuous. The symmetric argument
proves the f; case.

O

Corollary. Addition and scalar multiplication by non-zero values are homeomorphisms from a vector space X to itself
since they are continuous and have continuous inverses. This principle tells us that subsets E of a topological vector space
are open if and only if all translates a + E' and non-zero multiples AE are open. In particular, we have the following:

Proposition. Let X be a topological vector space and let 3’ be a local base at 0. Then the collection

B={a+B:acX,Bep}

is a base for the topology of X.

Proof. Note that § consists of open sets since translations of open sets are open in topological vector spaces. Let U be
open and pick z € U, then we have that —z + U is a neighbourhood of the origin so there exists B € B’ such that
x4+ B C U. Therefore for any U open we have an element of 8 contained in U containing every point so 3 is a base for
the topology of X.

Proposition. Let C' be a convex subset of a topological vector space X. Then C° is convex.

17



Proof. Givent € (0,1) and z,y € C° we need to prove tx+(1 — t) y € C°. Since x € C° there exists an open neighbourhood
U of x such that U C C. Now define ¢ (v) = tv 4+ (1 —t) y, then this is continuous since we are in a topological vector
space, and in fact it is a homeomorphism, so V= ¢ (U) = tU + (1 — t) y is an open set containing ¢ (). Since U C C and
y € C' and C' is convex it follows that any point in V is a convex combination of two points in C' so we must have V C C'
and therefore tx + (1 —t)y € V C C°.

Definition. Let U be a subset of a vector space V. We say U is balanced if \U C U for all A € ¢ with [A\| < 1.

Proposition. Let X be a topological vector space. Then if U C X is an open neighbourhood of 0 then U contains a
balanced open neighbourhood of 0.

Proof. Since scalar multiplication is continuous there exists a 6 > 0 and V open such that oV C U for all |a| < §. So the
set of all av with |a| < § and v € V is the desired balanced open neighbourhood.

O

Proposition. Let X be a topological vector space. Then if U C X is an open convex neighbourhood of 0 then U contains
a convex balanced open neighbourhood of 0.

Proof. Let A = n\a|:1 aU and let W be the balanced neighbourhood from the proof of the previous proposition. Since

W is balanced we have o'W = W whenever « = 1 so W C U for all || =1 so W C A. This means that A° is a
neighbourhood of the origin and W C A° C A C U so A° is a non-empty open neighbourhood of 0. Since U is convex,
aU is for all a so A is the intersection of convex sets so A is also convex. Therefore, A° is also convex as the interior of a
convex set in a topological vector space.

It remains to prove that A° is balanced.

Let 0 <7 <1 and let |3] = 1. To show A is balanced it suffices to show that r6A C A. Note that

rBA = ﬂ rpal = m ralU

lo]=1 lo]=1

Since aU is convex and contains 0 we have raU C aU (since aU contains all points on the line segment from 0 to au for
every u € U) so it follows that A is balanced.

To show that A° is also balanced note that for « = 0 we have 0A° C A° and if 0 < o < 1 then z — ax is a map sending
open subsets of A to open subsets of A since it is a homeomorphism and A is balanced, so it also sends A° to open subsets
of A° which means aA° C A°.

Theorem. A topological vector space as defined with the “sets of single points are closed” property is Hausdorft.

Proof. We first claim that every neighbourhood W of 0 contains a balanced open set U such that U + U C W. Indeed,
note that 0+ 0 = 0 so by continuity of + there exists neighbourhoods Uy, U, of 0 such that Uy +Us C W, s0o U' = U1 N U,
has U’ + U’ C W. Then taking a balanced open neighbourhood of 0 gives the desired U.

Now let z,y € X with x # y. Since = € {y}c there exists an open neighbourhood W of x with y ¢ W so W — z is a
neighbourhood of 0 so there exists balanced U with U + U C X — w. Then it remains to check that * + U and y + U
have empty intersection as this will imply Hausdorffness as x,y were chosen arbitrarily. If there exists a,b € U with
r4+a=y+btheny=2x+a—0band a,—b & U by balancedness so y € x + U + U which is a contradiction.
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Therefore in this course we will assume Hausdorff is part of the definition of a topological vector space.

Theorem. Sets consisting of single points are bounded in a topological vector space X.

Proof. Fix x € X and let f, (\) = Az. Then this is continuous by an earlier proposition so f; ! (W) is open in R for all
W an open neighbourhood of 0 in X. Since 0 € W we have that there is some ¢ with (—¢,¢) € f, 1 (W). In other words,
Az € W for A € (0,¢) which means that z € tW for t > ¢~ 1.

Theorem. If F;, F5 are bounded sets in a topological vector space then E; + FE5 is bounded.

Proof. Let W be an open neighbourhood of 0, then by earlier work there exists an open neighbourhood U of 0 such that
U +U C W. By boundedness of F;, E5 there exists s € R such that if ¢ > s then t71FE; C U and t"1E5 C U. Then we
have that for each such ¢

t N (Ei+E)CU+UCW

This implies that E1 + F5 C tW for tsufficiently large so F1 + F» is bounded.

O

Corollary. If FE is bounded in a topological vector space and x is a point then xz + E is bounded by the previous 2
theorems.

Theorem. If z,, is a sequence in a topological vector space X such that the set {z, : n € N} is bounded and a, is a
sequence of real or complex numbers with a,, — 0 then a,z, — 0.

Proof. Let W be an open neighbourhood of 0 in X. Then we know there exists a balanced and open U with U C W.
Then there exists s > 0 such that z,, € tU for all t > s and all n € N. Since a,, — 0 there exists N such that |a,| < s7!
for all n > N. We have z,, € sU and |sa,| < 1 for all n > N, and |sa,| < 1 implies (since U is balanced) that sa,x, € sU
80 apx, € U C W for n sufficiently large.

Since anx, eventually goes into every open neighbourhood of 0 we conclude that it converges to 0.

O
Definition. Let X be a vector space with a metric d. Then d is said to be invariant if for all z,y,z € X we have
dxz+z,y+2) =d(z,y).

Proposition. Let X be a vector space with an invariant metric and induced topology. Then given a sequence x,, C X
with z,, — 0 there exist scalars a,, — oo with a,z,, — 0

Proof. First we claim that if d is invariant then d (nz,0) < nd (z,0) for all integers n. It is true for n = 1 and by induction
we have (if it is true for 1,2,3, ...,k — 1) that

d(kz,0) < d(kz,z)+d(z,0) < (k—1)d(z,0)+d(z,0) = kd (z,0)

Now since z,, — 0 for any m € N there exists N, such that n > N,, implies d (z,,0) < m~2. Now assume N,,, < N1
and define a,, = m for N, < n < N,,4+1. Then for any n, where we let m be such that N,, < n < N,,4+1, we have
d(anry,,0) <md(x,,0) <m~! — 0 as required.

O

Definition. A Cauchy sequence in a topological vector space is one such that for every neighbourhood U of 0 there exists
an integer N such that z,, — x,, € U whenever n,m > N.
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Note that if X is a vector space with an invariant metric d and the topology induced by the metric, then a sequence is
Cauchy with respect to the metric d if and only if it is Cauchy with respect to the topology of X.

In the following definitions, X is a topological vector space.

Definition. X is a locally convex topological vector space if it has a local base consisting of convex members.
Definition. X is locally bounded if 0 has a bounded neighbourhood

Definition. X is locally compact if 0 has a compact neighbourhood

Definition. X is metrizable if there exists a metric d on X such that its topology is the metric topology induced by d
Definition. X is an F-space if its topology is induced by a complete invariant metric

Definition. X is a Frechet space if it is a locally convex F-space

Definition. X is normable if it is metrizable and we can put a norm on it with that corresponding metric.

Definition. X has the Heine-Borel property if every closed and bounded (in the topological vector space sense) subset of
X is compact. Note that bounded in both sense agrees in R™ with, say, the weak topology trivially by definition.

Easy exercise: Show that R™ belongs to all classes above. We’ve done most of the parts in earlier levels.
Example. We showed in Linear analysis that an infinite dimensional space with the weak topology is not normable.
Note that the converse to the Heine-Borel property is always true:

Proposition. Let X be a topological vector space and let K C X be compact. Then K is closed and bounded.

Proof. Tt is closed because it is a standard fact in topology that compact sets in Hausdorff spaces are closed. Therefore
we just need to show that compact = bounded.

Let U be a neighbourhood of 0. Let W C U be an open, balanced neighbourhood of 0 - we proved earlier that this exists.

Next we want to show that -

UnW:X

n=1
To do this, fix x € X . Since the map a +— ax is continuous, the set of all ¢ with axz € W is open and contains 0
and therefore contains n~! for sufficiently large n. Therefore n='z € W so = € nW for sufficiently large n. Since W is

balanced, we have sW C tW whenever 0 < s < t.

Now since U = {nW : n € N} is an open cover of X, it is also an open cover of K. Therefore by compactness there exists
a finite collection ny,na, ...,ny (assume without loss of generality these are in ascending order) such that

N
K C UniW:nNWQnNU
i=1

Since U was arbitrary it follows that K is bounded.

O

We will now talk about locally convex topological vector spaces. Recall from Linear analysis that a seminorm has all the
properties of a norm except for the “0 if and only if x is 0” property. We say that the Ap (x) = p (Az) for A\ > 0 property
is called being positive homogeneous.
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If p is a seminorm then a standard triangle inequality argument gives |p(z) —p (y)| < p(x —y) (hint: to show |z| <y
show that <y and —x < y). We have that p (z) > 0 for all z and p (0) = 0.

Proposition. Let p be a seminorm on a vector space X, then the set {z : p (x) = 0} is a vector subspace of X.

Proof. Suppose p () = p(y) = 0. By the triangle inequality.
0<pz+puy) <[Ap(@)+|ulply) =0

so p(Az + py) = 0.

O
Proposition. Let p be a seminorm on a vector space X, then the set B = {x : p(z) < 1} is convex and balanced
Proof. B is balanced by the property p (Az) = |A| p(x). To see that B is convex let z,y € B and let 0 < ¢ < 1. Then
pltz+(1-t)y) <tp(x)+ (1 -t)p(y) <1
so tx + (1 —t) y € B which implies B is convex as ¢, x,y were arbitrary.
O

Lemma. Suppose we have a set S and a collection 3 of subsets satisfying
1. If z € S there exists some B € 8 with x € B.
2. If By, By € 3 then for all x € By N By there exists B € f with x € B and B C B; N By

Then the set T of unions of elements of 3 is a topological space.

Proof. 1t contains an empty set by the nullary union, and by property 1 the set S itself is in T". It is clearly closed under
arbitrary unions, and by property 2 we see that it is closed under finite intersections, by picking a B for every x € B1 N By
and taking the union of each such B to get By N By € B so that we can extend to finite intersections by induction.

O

Definition. A family P of seminorms is said to be separating if for all x € X with x # 0 there exists p € P with p (z) # 0.

Theorem. Let P be a separating family of seminorms on a vector space X. Associate to each p € P and n € N with
n > 0 the set

V(p,n) = {xEX:p(x) < 711}

Let 5 be the collection of all finite intersections of the sets V (p,n). Then §’ is a convex, balanced, local base for a
topology T on X which turns X into a locally convex topological vector space that makes every p € P continuous and
with the property that £ C X is bounded if and only if every p € P is bounded on E.

Proof. Define
B:={x+B,z€ X,Bep}

Step 1. We will prove that 5 is a base for a topology on X which we will call T

Since 0 € B for any B € 3 we have that for any z € X there is an element of 3 containing . Now let By, By € 8. We
will write

N
By =y+ [V (pini)

i=1
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M
By =z + mV(Qj,mj)

j=1
for some y,2 € X and p;,q; € P and N, M,n;,m; € N.

Fix « € By N By. Then = € B for some B € . We claim that for n}, m} sufficiently large, B defined as follows satisfies
BC BiNB;

N M
B=ux+ (ﬂV(pi,n§)> NV (4,m))
j=1

i=1

To prove this, note that by definition of the V’s and the fact that x € B; NV, we have

1 1
pi(t—y)< —andgj(x —2) < —foralli=1,2,...,N,j=1,2,... M
n; m;

Therefore there exists n; and m/; sufficiently large so that

1 1 1 1 . .
pi(r—y)+—<—andg(zx—2)+—<—foralli=1,2,.,N,j=1,2,... M
n,; n; mj m;

Note also that if w € B then

/

1 1
pi(w—1x)< — and g (w—2)< — foralli=1,2,..,N,j=1,2,...M
n m

By the triangle inequality for seminorms we have

1 1
pi(w—y)Spi(w—x)+pi(af—y)<g+pi(x—y)<;

1

For the same reason, ¢; (w — 2) < —— so indeed we have B C B; N B; since w € B implies w € By N Bs.
J

Therefore we have the conditions of the earlier lemma so 3 is indeed a base for a topology on X.
Step 2. We will prove that 3’ is a local base that is convex and balanced.

To establish that it is a local base, let U be any open neighbourhood of 0. Then U contains some basis element Ig—i-B, Bep
containing 0. Note that —y € B. It suffices to prove that y + B contains an element of 3. Write B = ();_; V (pi, ns),
then for every i € {1,2,..., N} we have p; (—y) < —. Define ¢; = ni — p; (—y) and as earlier pick m; sufficiently large so

1
nq

that m% < ;. Now define B’ = ﬂivzl V (pi,m;). To show that B’ C y + B let w € B’. By the triangle inequality we have

1 1
pi(w—y) <pi(w)+pi(—y) < —+pi(y) < —
m; n;
Since this is true for all ¢ we have w — y € B so w € y + B as required.
To prove that each element of 8" is convex and balanced it is sufficient to show that each V (p,n) is convex and balanced
because intersections of convex sets are convex and balanced. The good news is that we recently proved that {z : B (z) < 1}

is convex and balanced for any seminorm, so just replace 1 with % then we are done.

Step 3. We aim to prove that we have a topological vector space. The first step in doing this will be to show that
singletons {z} are closed.

Let z,y € X with  # y. Then since z — y # 0 and P is separating, there exists p € P such that p (z —y) > 0. Thus,
there exists n € N such that np (z — y) > 1. For this n we have that = ¢ (y + V (p,n)) so we may write {z} as a union
of sets like this which are open in 7" which implies that {x} is closed.

Step 4. The second step in showing that we have a topological vector space will be to show that addition is continuous.

Let U be open in X and pick z € U. Then there exists p; € P and n;, N € N such that

N
m V (pi,ni) C—24U
i=1
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Now let (z,y) € +~! () which is a fancy way of saying x + y = z. Define

N N
% =x+ﬂV(pi,2ni) and‘/gzy—FﬂV(pi,Qni)

i=1 i=1
and suppose that (wy,ws) € V3 X Va. Then for all i we have

(wn + 1wy — 2) = ps (w1 — 2+ wp — ) < o+ o =
i (w1 +we —2) =p; (w1 —z+ wy — = —
p 1 2 p 1 2—Y o | 2m, T

This means that Vi +Vy C U so V4 x Va C (+)~" (U) which means that everything in (+) " (U) has a product topology
basis set around it so is open so addition is continuous.

Step 5. The final step in showing that we have a topological vector space will be to show that scalar multiplication is
continuous.

Let U be open in X and pick z € U. Then there exists p; € P,n;, N € N such that
N
MV (pini) € —2+U
i=1

Suppose that (a,z) € (-)71 (z) which is a fancy way of saying az = z.
Let ¢ be the underlying field (from now on we will work in C unless stated otherwise) and take 0 < & < min; (2n;p; ()"
where the min is over ¢ with p; # 0 and n; > 2n; (|a\ + (2n;p; (z))_l) (If ) Define

N
V=a+(\V(pin}) and D={3€0:la—f| <e}

=1

Suppose (b,y) € D x V, then it suffices to prove that by € U as then (-)~' (U) will contain an open base set about each
point, so let’s now verify this.

First assume p; (z) is not 0 for any x.

We have

i by —ax) = pi (b(y —2) — (a—)2) < i (by — ) +pi((a— b)) < X 4 ep (a)

K3
The last inequality is by definition of V, D and the fact that we are working with seminorms. Then we have
la| + ¢
< o T Epi (z)

%

Now substituting in our definitions for ¢ and n} we have

|| + (2n;p; (@)71 + 2nps () _
2n; (la] + (2nip; (2)) ™) ni

This implies that (by — az) € ﬂf;l V (pi, m;) so an open set about each point is in the pre-image of an arbitrary open set.

If p; (x) = 0 for some z then we can define n} > n; (|a| + ) and do the bounding as follows:

ol + ¢ 1
pi (by — az) < |bp; (y) < | |n, < —

%

Uz

so we still get the desired result.

Step 6. We have a topological vector space. The next thing to check is that it makes p continuous.
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If a < b we want to show that p~! (a,b) is open (it is enough to do this for the base sets as if pre-images of those are
open then so are pre-images of their unions which are unions of their pre-images). Let x € p~!(a,b) i.e. a < p(x) < b.
Consider U =z +V (p,n), then if y € U then |p(y) — p(z)| < p(y — ) < + by the triangle inequality so for n sufficiently
large we have p (y) € (a,b) so that x € U C p~! (a,b) and U is one of the open base sets.

Step 7. It remains to show that £ C X is bounded if and only if every p € P is bounded on F.

Suppose F is bounded and fix p € P. Since V (p, 1) is a neighbourhood of the origin, we have that E C kV (p, 1) for some
k < 0o by boundedness, which implies p (z) < k for all z € E so p is bounded on E.

Conversely, suppose that every p € P is bounded on E. Let U be a neighbourhood of the origin. Then there exists p; € P

and n;, N € N such that
N

n V(pi,ni) Q U

i=1
Also by assumption there exist M; < oo such that p; < M; on E for each i € {1,2,..., N}. It now follows straightforwardly
that if n > M;n; for all 4 then E C ﬂf\il Vv (pi, ﬁ) C nU, which establishes boundedness.

O

Note: The topology induced by P as described in the theorem above is just like in linear analysis where it is the coarsest
topology that makes all elements of P continuous. The reason why this is true is that any topology making each p
continuous must contain each e-open ball with respect to p, and thus any finite intersection of these sets i.e. for each fixed
x any such topology must contain all

m

U= ﬂBpj(m,ej):x+ﬂ{y€X5pj(y)<5j}

Jj=1 Jj=1

Theorem. Let P = {p; : i € N} be a countable separating family of seminorms on a vector space X and let T be the
topology induced by P as described in the theorem above. Then the locally convex topological vector space is metrizable
and the topology agrees with the one induced by the invariant metric

o0

Ay =Y 22—

—~  l+4pi(z—y)

Proof. Without loss of generality assume all p;’s are non-zero since the zero ones won’t contribute anything to the metric
and being separating only requires the condition on non-zero seminorms.

Step 1. To see that d is an invariant metric, note that it is symmetric since p (—z) = p (x) for a seminorm and if it were
to be a metric it would be invariant due to depending only on x — y.

Note that F': t — %th is smooth, increasing, concave and bijects [0, 00) into [0,1). Thus, d(x,y) is a sum of non-negative

terms and thus also non-negative, and it is non-zero if  # y since the family is separating so at least one non-zero p;
must be non-zero when evaluated at = — y.

It remains to check that d satisfies the triangle inequality. Note that F satisfies F (x) + F (y) > F (x + y) since it is
concave and F (0) = 0. Now since p is a seminorm and F is increasing and subadditive we have

Fp-y)<FpE-2)+p(z—y)] <Flpx—-2)]+Fp(z-y)

Thus we conclude

d(z,y)=> 27 F(pi(x—y) <> 27Flpi(x—2)]+Flpi(z—y)]) =d(z,2) +d(z—y)

Step 2. Now we need to show that the topology induced by d agrees with the topology T induced by the family of
seminorms P. The open sets of Ty are precisely those which can be written as a union of the open balls B, () =
{ye X :d(z,y) <r}.
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Step 2A. We will show that T, C T

We know that each p; is T-continuous on X by the previous theorem. Since |F (t)| < 1 we conclude by the Weierstrass
M-test that the sum in d(x,y) converges uniformly. Therefore d is continuous as a real-valued function on X x X with
the product topology coming from T since it is a uniform limit of continuous functions (to see this, d is continuous and
z,y — x — y is continuous and we are composing these). Therefore the map d, : X — R given by d, (y) = d(z,y) is
continuous, so d, ! (—r,7) = B, (x) is an open set in the T topology so Ty C 7.

Step 2B. We will show that T C Ty.

Let W be an open set of 7" so that € W. By definition of T" there exists B with z + B C W where there exists p;, € P
and ny, N € N such that

N
B= [V (pi,,n)
k=1

Now suppose d (z,y) < €+ 2~ where M > i), and 0 < & < 3n; ' for all k = 1,2,..., N. Note that ¢ < 1. Then for
1 <¢ < M we have
pi(z —y) <e
1+ pi(z—y)
so we have .
(r—y) < — < 2¢
pile—y) <y <
Therefore if y € B.y-m () then y —x € B so y € W. Since x was arbitrary we can write W as a union of open balls for
the metric d so T C T.

O

Note that the balls B, (0) need not be convex even though the topology is, and even though d (z,y) < 1 for all 2,y € X
it is not true that all subsets of X are bounded in the sense introduced above for a topological space.

Theorem. Let X and Y be a topological vector spaces whose topologies are generated by the families of seminorms P and
Q@ respectively. A linear map T : X — Y is continuous if and only if for every seminorm ¢ € @, there exist p1,...,p, € P
and a constant C' > 0 such that for all x € X:

< .
q(Tz) <C 1I£%xnpl(x)

Proof. (=) Assume T is continuous. Let ¢ € Q). The set
V={yeY:qy <1}
is an open neighbourhood of the origin in Y. Because T is continuous at the origin, the preimage
T V)={re X :q(Tz) <1}

is an open neighbourhood of the origin in X. By the definition of the topology on X generated by P, this preimage
must contain a basic open neighbourhood of the origin. Therefore, there exist an € > 0 and a finite subset of seminorms
P1,---,Pn € P such that the set

U={zeX:p(z)<eforalli=1,...,n}

satisfies U C T~1(V). Define the continuous seminorm p(x) = max;<;<, pi(x). We now have that p(z) <e¢ = ¢(Tz) <
T 5

1. For any = € X, consider two cases: If p(z) > 0, scale 2 by choosing 2’ = Ok for any 0 < § < e. Then p(z') =6 < &,
which guarantees 2’ € U. Consequently, ¢(Tx’) < 1. By the linearity of T' and the absolute homogeneity of seminorms, we
can factor out the scalar to get ﬁq(Ta:) < 1, meaning ¢(Tx) < $p(x). Taking the limit as § — ¢ yields ¢(Tx) < Lp(z).
If p(x) = 0, then for any a > 0, we have p(ax) = ap(x) = 0 < . This implies ax € U, so ¢(T(azx)) < 1, leading to
q(Tx) < 1/a. Since this holds for all @ > 0, we must have ¢(Tx) = 0, which trivially satisfies ¢(Tz) < 1p(z). Setting
C = 1/e completes the forward implication.
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(<) Assume the seminorm inequality holds. Because T is linear, it suffices to prove continuity at the origin. The topology
on Y is generated by finite intersections of subbasic open sets of the form V,. = {y € Y : q(y) < ¢} for ¢ € Q and ¢ > 0.
It is therefore sufficient to show that the preimage of any such V, . contains an open neighbourhood of the origin in X.
By assumption, for our chosen ¢, there exists C' > 0 and p1,...,p, € P such that
Tz) < C ;
q(Tz) < C max pi(z)
Define the open set
€
U={zeX:p(z)< ol foralli=1,...,n}

For any x € U, we have maxi<;<, pi(z) < Applying the assumed inequality gives ¢(Tz) < Cmaxi<i<npi(z) <

£
6.
C (%) =¢. Thus, T(U) C V, ., meaning T-(V, ) is open in X, completing the proof.

2.2 Building on everything from Linear Analysis

Theorem. Let K be a non-empty, closed, convex set in a Hilbert space H. Then K contains a unique element of least
norm.

Proof. Let d = inf {||z|| : « € K}. Then given z,y € K the parallelogram law gives

2
1 2 1 2 1 2 Tty
Ll =yl = 3 el + 5 ol ||
Then convexity of K implies % € K so we have
2 2 2
lz =yl < 22" + 2ly|” — 4d®
Then this implies that if ||z|| = |ly|| = d then = = y so the infimum can be attained at at most one point. Now suppose

Zn is a sequence in K with ||, || — d. Then we have
|20 = 2inll* < 2zal® + 2|20 — 4d°

This implies that z,, is Cauchy so x,, — = for some x € H. Since K is closed, x € K and since the norm is continuous we
must have ||z|| = d so the infimum is attained.

O

Recall that Hilbert spaces have orthogonal decompositions and that the Riesz represntation theorem says that bounded
linear operators are exactly the functions that send = — (z, as Also recall that if K is any set we have K1+ = span (K).

Proposition. A hilbert space H is separable if and only if it has a complete countable orthonormal system.

Proof. Recall theory from Linear analysis. Then argue that since it has a complete countable orthonormal system with
dense linear span then we proved in linear analysis that this means it is separable, and that Gram-Schmidt turns this into
an orthonormal system.

Also from linear analysis recall Bessel’s inequality.

Proposition. Let U C R" be measurable. Then L? (U) has a complete countable orthonormal basis.

1 Annoyingly, my reference text now seems to use the first slot as the conjugate linear one, unlike linear analysis where it used the second. I
told you in level 11.2 that this was annoying as nobody can agree on a convention.
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Proof. Tt is enough to check that L? (U) is separable. To do this, it is enough to check that L? (R") is separable by
considering P : L? (R") — L? (U) defined by f +— f1y. The dense countable subset of L? (R") is dense in L? (U) after we
do this restriction since the square integral difference only becomes smaller.

To do this, note that the set of simple functions over rational rectangles with rational complex coefficients, which is
countable, is dense. To see this, fix ¢ > 0 and f € L? (R"), then we want to try to approximate f.

Note that complex valued simple functions with bounded support are dense in L? by an earlier proposition so there exists
one with || f — s, < 5.

By an earlier theorem, for each measurable set A, in the simple function s there exists a finite union of rectangles By such
that | Ay AByg| is sufficiently small so that we end up with s; being a linear combination of these finite unions of rectangles

satisfying ||s — s1]|, < 5.

Of course, we can approximate real rectangles by rational rectangles then approximate the coefficients by rational numbers
to get an sy with |51 — s < 5.

Thus so is the desired function by the triangle inequality.

O

The Riesz representation theorem can be used to prove a certain theorem in measure theory. However, we need some
definitions first.

Definition. Let (E,£) be a measurable space with measures p and v. Then we say v is absolutely continuous with
respect to p, written v << p, if for any measurable set A we have u(A) =0 = v (A) =0.

Definition. p and vare said to be mutually singular if there exists a measurable set A such that pu(A) =0 = v (A°).

Theorem. (Radon-Nikodym Theorem) Let (E, &) be a measurable space with finite measures u, v and suppose v << p.
Then there exists a non-negative w € L' (E, ) such that for all A € £ we have

V(A):/Awdu

Furthermore, for any non-negative measurable F' we have

/EF(ac)dz/:/EF(:v)w(x)du(m)

Proof. Let @« = p+2v and § = 2u + v. Then these are finite measures on (F, ). Now we will consider the Hilbert space
L?(E,a) = L?(E,u) N L? (E,v). Define A : H — C by

M) = [ sas

Then we have

A ()] = /E s <2 /E [l da < 20/a (B) 1125

The last inequality is by Cauchy-Schwarz applied to |f| and 1.

Therefore it follows that A is bounded on H and linear so by the Riesz representation theorem there exists a ¢ € H such
that for all f € H we have

/Ef(x)dﬂ(r):/Ef(z)g(w)da(fv)

By definition of o and 8 we now get

2/Ef(x)du+/Ef(x)dVZQ/Ef(x)g(x)dV+/Ef(w)g(z)du
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Rearranging gives
/ f*(29—1)dv=/ f*(2—g)du
E E

And there exists g € H such that this is true for all f € H.

Now take f =14 for A={z € E: g(z) < }. Then we must have [, f (29 — 1) dv = 0 which implies [, f (2 —g)dp =0
but this is the integral of something > 3/2 so the only way this can happen is if 4 (A) = 0 which implies v (A) = 0 which
means g > 3 p-almost everywhere and v-almost everywhere. Now by setting A = {z € E : g (z) > 2} and f = 14 we have
that | g f(2—g)du =0 which means that g <2 p-almost everywhere and thus also v-almost everywhere. By redefining
g on a measure 0 set we may assume that % < g(z) <2 for all z € E. By the monotone convergence theorem we have
that fE f*x(2g—1)dv= fE f * (2 — g) du holds for any non-negative measurable f.

Let Z = {z: g () = 3 }. Then we have ;1 (Z) = 0 since the integral [}, f*(2g — 1) dv gives 0 for f = 1z but [, f*(2 — g) du

has a integrand bounded below by 2 on Z so we must have x(Z) = 0 and since v << p we must have v (Z) = 0. Given
non-negative measurable F' define, for all z € Z¢

__F() _2-9(
B TE R R T

and set f(z) =w (x) =0in Z. Then using u(Z) = v (Z) = 0 we deduce
/EF(x)dz/:/Ef*@—g)du:/EF(m)w(x)du

Setting F (z) = 1 gives w € L' (E, ) and that w has the desired property.

Recall from linear analysis that dual spaces separate points, and are complete.

Lemma. Let 1 < p < oo and let % + % = 1. Let u: L? (R™;R) — R be a bounded, positive, real-linear map. Then there
exists non-negative g € L? (R";R) with [|g|l;, = [[ul| - such that u (f) = Jgn [ (x) g (x)dx for all fe LP (R™;R)

Remark. The p = 2 case follows from the Riesz representation theorem.

Proof. For E C R™ Lebesgue measurable let p (E) = [, e~121"dz and observe that w1 (R™) is finite. For a measurable set

A define ,
v(A):=u (e_lzl 1,4)

Then this is a measure on R™. To see countable additivity, if B = U2, A, for disjoint measurable A, then setting
By, = Uk _ A,, we have

_l=? =2

e »lp—e 7 1p,

= [u(B\ By)]* =0

p

This is where we need p < oo - if p were infinite then [ (B '\ Bk)]% would be identically 1.

Therefore vis indeed a finite measure on R™. Note also that v << p since if ;1 (A) = 0 then

z|2
which implies that u <e_|PI 1,4) is also 0.
Therefore, the Radon-Nikodym theorem implies that there exists a non-negative G € L* (R", ;1) such that
v(A) = / G(z)du = / G (x) e 1" dz
A A
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||
By linearity, note that if f = e~ » F for some simple function F' = 3" a;1p, then we have

w(f) = zN:au (e— . 1F,.,> _ iaiu(ﬂ) _ ia /F G (x) e du

2 2 2
|z |z] |z

= ai/ lpe” @ e »do= f2)G(x)e @ dx
. Rn

2 2
o _lal

Now set g (z) := G (z) e so we have u (f) = Jgn f (x) g (x) dz for some g and all functions of the form f =e” » F
for some simple function F'.

We claim such functions are dense in L? (R™;R). Indeed, define ¢ : LF (R™, 1) — LP (R",dz) by ¢ (H) (z) = e~ 1*I’/P H ().
This preserves the LP norm because

16 () = |

R"

—|x|? p —|z|?
eI (z)| da::/ e H (@) de = |H|[2,,

n

Therefore, simple functions being dense in any measure space implies the claim as we have an isomorphism from simple

|z|?
functions in L? (pu (R™)) to our “f = e~ » F for some simple function F” functions in L? (dx (R™)). Note that again we
have used here that p < oo, as this was assumed in my theorem about density in LP earlier.

By boundedness of u and density of the f functions above where u (f) = [;. f (z) g () dz is known to hold in L” we have,
for all f € LP that

[ 1 @s@lds= [ 17 @lg()dz=u(lf) < Julgo- 151

This implies that

sw{ [ 1@ @lde: £ e 1 @R, <1} < Jul

To check that ||g[[, = [lu[|zs)-, note that by definition of the operator norm, we have

sup {

Note that it is weird, as this is the supremum of stuff that is smaller than the stuff the supremum above, by the integral
triangle inequality, which forces the two suprema to be exactly equal to Hu||( Lo)*-

f € PR, £, < 1] = ul s

f(x) g (z)dx

R™

Now [[g]l, = [lull(1s)- follows from the lemma we proved before proving the Minkowski integral inequality.

O

Theorem. Let 1 < p < oo and let ¢ satisfy l+% = 1. Then L4 (R") is isometrically isomorphic to L? (R™)" for real-valued
functions, where again we note that this is true for p = 2 by the Riesz representation theorem.

Proof. Define Ay (f) = [gng(2) f(x)dz as a map LP (R") — R. Note that Holder’s inequality implies that |[ fg| <
lgll, IIfIl, so if f € L and g € L9 then A, € (LP)". Now the map from LP — (LP)" defined by g — A, is linear and
injective. The fact that it is surjective and isometric as well follows from the lemma above - any linear map corresponds
to a g € L? and the norms match the way we want them to.

O

Note that the ’Gaussean’ measure used in the proof above is outer regular, since given a measurable set there exists a
covering of it by open sets with the measure difference < ¢ for any € in the real number case, and this measure difference
only gets smaller when we switch to the Gaussean world.
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Now suppose we are given a o-algebra M on R™ containing B (R™) and a measure g on M such that p (R™) is finite and p
is both outer regular and inner regular. Then we note that if f : (R", M) — (R™, B) is continuous then it is measurable.
We define a map A : CO (R";R) — R by

A(f) = A f(x)dp

This is now a positive, bounded linear map, in the sense that if we put the supremum norm on C? then the operator norm
of this map is u (R™) (this is by considering a function that is 1 on arbitrarily large subsets of R™).

We now want to know if given a map A we can recover the measure p. Although 14 is not continuous we could recover
the measure if only we were allowed to put in 14. To solve this problem, we try to approximate 14. More precisely, let
O C R"™ be open (it suffices to compute the measure for open sets by outer regularity). Then define O, = O N By, (0) and

1 Z‘EOk,d(x,aOk)Z%
Xk () :=140 x ¢ Oy or 52 > Oy, d(z,00)
2kd (x,001) —1 x € 5 < O, d(z,00y) < £

2k

Then these each have compact support and support in O and increases monotonically to 1o and is continuous with
compact support so the monotone convergence theorem on these, which can each be measured, lets us recover the measure
of O in the sense that this measure becomes uniquely determined. In fact, if O is open then we have

1(0) =sup{A(g): g € C2(R;R),0< g < 1p,supp(g) C O}

We now want to prove the converse i.e. that given any bounded linear operator A : C? (R";R) — R it corresponds to a
measure p. Funnily enough, and perhaps annoyingly, this is also called the Riesz Representation Theorem.

Recall that a Radon measure on a Hausdorff space is one which is inner regular, outer regular and finite on compact sets.

Theorem. (Riesz Representation Theorem, but different) Let X be a locally compact Hausdorff topological space and
let A be a positive (i.e. sends non-negative real functions to non-negative reals) linear functional on C, (X). Then there
exists a g-algebra M on X which contains all borel sets of X and there exists a unique finite outer regular measure p
that is finite on compact sets and inner regular on open sets on M with finite measure such that Af = [ « fdu for every
f € C.(X). Note that once we prove this, we can take the completion of M by adding subsets of measure 0 sets.

Proof. In this proof V' denotes an open set and K denotes a compact set unless specified otherwise.
Step 1. We show that if such a u exists then it is unique.

Indeed, such a measure is determined on open sets by its values on compact sets and on arbitrary sets by its value on
open sets, so it suffices to prove that if K is compact then uq (K) = po (K) whenever uq and po are measures for which
the theorem holds. Fix K and € > 0. Then by regularity and properties of the measure there exists V' 2 K such that
p2 (V) < ps (K) + €. By Urysohn’s lemma (see linear analysis) there exists f continuous such that f is 1 on K and 0
outside V. Now we have

1 (K) = /X Licdus < /X Fdus = Af = /X Fdus < /X Lydpiz = iz (V) < pia (K) + 2

By interchanging the roles of 7 and ps and applying the same argument again we note that p; (K) < ps (K) < py (K)
so they are equal on compact sets. Therefore we just need to show that there exists a measure p satisfying the formula
Af = [y fdp with the desired properties.

Step 2. We will construct pand M and in later steps prove that our construction has the desired properties.

For every open set V in X define
(V) =sup{Af: f <1ly,supp(f) CV}

Then note that this is an increasing set function on open sets. For arbitrary F let u (E) be the outer measure.

Let £ be the class of all £ C X with finite outer measure such that

w(E)=sup{p(K): K C E, K is compact}
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Let M be the class of all E C X such that EN K € & for every compact K. Then it is clear that this is complete (i.e.
contains subsets of measure 0 sets) since the set function p is increasing and p (E) = 0 implies that F € £ and E € M.
It remains to prove that M is a o-algebra containing the Borel sets and p is a measure on M with the properties we
want - this is what we will do now. In fact, if we can show that p is a measure at all on M and M is a o-algebra that
contains the Borel sets then from how it was constructed we know it is outer regular. Inner regularity and finiteness on
compact sets are not immediate though, as the supremum of finite things need not be finite and while the condition for
M is related to inner regularity it is not exactly that.

Step 3. We will extend Urysohn’s lemma (which immediately implies K C V implies there is a continuous function with
lx < f < 1y since the space is Hausdorff and V¢ is closed) to say that not only can we make the continuous function
0 outside the open set V' but can also make one such that its support is compact and contained in V. This extension
requires the space to be locally compact, it is here that we actually use local compactness.

To do this, note that each point x in K has an open neighbourhood U, with compact closure, and the U, have a finite
subcover of K by compactness. Let U be the union of this finite subcover, then the closure of U is a finite union of
compact sets so it is also compact. Now consider the compact set C =U\V C X \ V.

Then since X is Hausdorff, for each point p € C there exists disjoint open sets separating p and K. To see this, note
that if ¢ € K then there is U,, V; disjoint with p € U, and ¢ € V;; . Then we play the “cover everything in K take finite
subcover then finite intersection of the U,’s” game. Let W be an open set covering K disjoint from p, then its closure
does not contain p as there exists a closed set containing K disjoint from p. Since p was an arbitrary point in C = U \ V,
we have K C W C W C V with W compact (since it can be constructed to be a closed subset of U by insisting every Vg
is in U and by Hausdorffness closed subsets of compact sets are compact).

Here is what happens now: Y = W is compact so Y\ W is a closed subset of Y disjoint from K and the standard Urysohn’s
lemma on Y\ W and K gives one with compact support in V.

From now on I will say f < V if f < 1y and supp (f) C V and f has compact support and is continuous. I will also say
K < fif f is continuous, has compact support, and is 1 on K. Note that K < f < V is equivalent to 1x < f < V.

Step 4. We prove that if V1, V5, ..., V,, are open in a locally compact Hausdorff space X and K is compact and contained
in their union then there exist functions h; < V; for ¢ = 1,2,...,n such that hy (z) + h2 () + ... + hy, () = 1 whenever
zeK.

Each = € K has an open neighbourhood W, with compact closure containes in V; for some i depending on z (by the same
principle as step 3, with K = {z} and V' = V; for some V; containing z).

By compactness there are point x1, xa, ...,y with K C W, UW,, U...UW, . If 1 <i <n then let H; be the union of
the Wy, that lie in V; . Then by Urysohn’s lemma there are continuous functions such that 1p, < ¢g; < V;. Now define

hi =01

hao=(1—-g1)92

hp=01-g1)(1—92) .. (1 —gn-1)9n

Then each h; < V; and by an easy induction we have

Since K C Hy U Hs...H,, at least one of g; (x) is 1 at each point € K so hy + ha + ... + hy, is 1 in K as it is 1 minus a
product that collapses to 0.

Step 5. We will show that u is countably subadditive.
Let Ei, Es, ... be arbitrary subsets of X. Then we want to show that p (UE;) < > u(E;).

We first show that pu is finitely subadditive on open sets. Let V7, V5 be open. Then choose g < V3 U V5. It is here we use
the fact that ¢ < V3 U V4 and not merely g < 1y,uy, - we use step 4 to find functions hy < Vi and hy < Va5 such that
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hi+ he =1 in the support of g. Hence, h;g < V; (Note: the LHS is a product of things between 0 and 1 and therefore the
RHS is as well) and g = h1g + haog. Now we have, by linearity,

Ag = A (hig) + A(hag) < p (Vi) + p(V2)
Since this holds for every g < V4 U Vo we have that p (V3 U Va) < u (V1) + p (V3).

If 4 (E;) is infinite for some 4 then we trivially have p(UE;) < > p(E;). Suppose therefore that p(E;) is finite for
each i. Then for each ¢ > 0 there exists open sets V; 2 E; with u(V;) < p(E;) +27%. Then let V = UV; and let
f < V. Since f has compact support we see that f < V3 U...UV, for some n. Now for each n, and induction on the
(Vi UVa) < p (Vi) + p(Va) condition we have

A <p(ViUUV) <p(Vi) + ot n (V) <D (B +e
=1

Since this holds for every f <V and UE; C V (by how the V;’s were defined in the previous paragraph) it follows that
m (UE> <u(V)<Y p(B)+e
i=1 i=1

This proves countable subadditivity as € was arbitrary.

Step 6. We will prove that all compact sets are in £ and that if K is compact then p (K) =inf {Af: K < f}. This will
imply that uis finite on compact sets.

FK<fandO0<a<lletV,={z: f(z)>a}. Then V, is open and K C V, and ag < f whenever g < V,. Therefore,
by how we defined pon open sets,

p(K) < p(Va) =sup{Ag:g <V} <a'Af
Therefore letting a — 1 we have p (K) < Af. Thus p (K) is finite since Af is finite. Now clearly, we have K € £.

Note that if £ > 0 there exists an open set V such that u (V) < u (K)+¢e. By step 3 there exists f such that 1x < f < V.
Thus, by definition of pon open sets,
Af<p(V)<p(K)+e

Since there is an f such that this is true for all ¢ > 0 and since we have from a few lines ago that u (K) < Af for all f
with K < f it follows that p (K) =inf {Af : K < f}, and that the set {Af : K < f} is indeed non-empty.
Step 7. We will prove that £ contains every open set V' with u (V) < oc.

Let a be a real number with a < p (V). Then there exists f < V with a < Af by definition of pon open sets. If W is
any open set which contains the support K of f then f < W so Af < u(W). Therefore, since uis the outer measure, we
have that Af < p(K) by taking infimum on the right. This exhibits a compact K C V with a < u (K) and since a was
arbitrary we have that the supremum of p (K) over compact sets in V' must be p (V), since it’s clearly not greater.

Step 8. We will show that if E = | J;2, E; where E; is a family of pairwise disjoint members of € then p (E) = >"7°, u(E;).
Also, if 4 (E) < oo then E € £.

First, let Ky, Ko be disjoint compact sets. Then I will prove that pu (K3 UKy) = pu(K;y) + p(K2). Urysohn’s lemma
guarantees the existence of f € C. (X) such that f (z) =1 on K; and f(z) =0 on Ky and 0 < f < 1. For all ¢ > 0, by
step 6 there exists g such that Ky UKy < g and Ag < (K3 U Ksy) + . It follows that K1 < fg and Ko < (1 — f) g and
by linearity of A we have

p(Kr) +p(K2) <A(fg) +A((L—f)g) =Ag < p(K1UKs) +e¢

Since € was arbitrary and p is subadditive, finite additivity on compact sets follows from step 5.

Now if p (E) is infinite then the formula u (E) = >";°, pu(E;) follows from step 5, since we must have that > .-, u (E;)
is infinite. Therefore, assume that u (F) < oo and choose € > 0. Since E; € & there exists compact sets H; C E; with
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w(H;) > pu(E;) — 2 %. Setting K,, = H; U Hy U ...U H,, , since the H;’s are disjoint as the E;’s are disjoint, we have by
finite additivity on compact sets that

n n

p(E) > p(Ky) =Y p(H)>> p(E)—c
i 1

i=1 =

Since this holds for every n and ¢ > 0, we have p(E) > Y72, u(E;), with equality because step 5 implies the other
inequality direction. But then if 1 (E) < oo and € > 0 then this implies the existence of an N such that

p(E) <> u(E)+e
=1

Therefore, it follows that . .
p(B) <Y p(Bi)+e< Y p(H)+2 =p(Ky)+2
i=1 i=1
This shows that, since € was arbitrary, u (F) is the supremum of the measure of compact sets contained inside it, so E € £.
Step 9. We want to prove that if E € £ and € > 0 then there is a compact K and open V such that u(V — K) < e.
Note that by definition there exists K C F and E C V such that

(V)= = < u(B) < p(K) + 2

Since V — K is open with finite measure it is in £ by step 7. Therefore, step 8 implies that

W(E) +p (V= K) = u (V) > p(K) + ¢

so the result follows.
Step 10. We want to prove that if £ is closed under finite unions and intersections.

Fix sets A, B € £ so we want to show that their union and intersection is in £. If € > 0 then step 9 proved the existence
of sets K;,V; such that K1 CACV; and Ko C BC Vs and p(V; — K;) < e for i = 1,2. Now we have

A\BCVI\ Ky © (Vi \ K1) U (K1 \ Vo) U(Va\ K2)

Step 5 (subadditivity) implies that
p(A\ B) <2+ pu (K \Va)

Since K7 \ V; is a compact subset of A\ B we know that A\ B € £ by definition since e was arbitrary.

Also, since A\ B and B are disjoint elements of £ and they are 2, each with finite measure, step 8 guarantees AU B € £.
Also, ANB=A\(A\B)so ANB € & as well.

Step 11. We want to prove that M is a o-algebra that contains all Borel sets.

Let K be an arbitrary compact subset of X. If A € M then AN K = K\ (AN K) so A° N K is the difference between
2 elements of £ (since £ contains compact sets by an earlier step and contains A N K by definition of M in terms of &)
so also in € by the proof in step 10, which means that if A € M then A® € M.

Next, let A; be a countable family of elements of M and let A be their union. Put By = A; N K and for n > 1 define
B,=(A,NK)\ (BiUByU...UB,_1)

Then this is a disjoint sequence of members of £ (symmetric difference between stuff in £ by definition with finite unions
of stuff in & by induction). Also, the union of all B, is AN K. By step 8, we therefore know that AN K is in € so by
definition A € M. Finally, if C is closed, then C' N K is compact so C N K € &€ so C € M which implies that X € M.
Therefore, M is indeed a o-algebra on X containing all closed, and hence all Borel, subsets of X.

33



Step 12. We want to prove that £ consists of precisely the sets E € M with finite measure. Note that this implies that
1 is countably additive and thus a measure on M as it is countably additive on &£, so p is a measure on M.

If F € & then steps 6 and 10 imply that £ N K € £ for every compact K so £ € M.

Therefore we just need to check that if £ € M and p(F) < oo then E € £. Therefore, fix ¢ > 0. Then there exists
an open set V with E C V and u (V) < oo and a compact set K C V with u(V — K) < ¢ (by steps 7 and 9). Since
EN K € & there is a compact set H C E N K with

p(ENK)<p(H)+e
Since E C (ENK) U (V \ K) we have, by subadditivity of p,
p(E) <p(ENK)+p(V\K) <p(H)+ 2

This implies that E € £.
Step 13. We want to prove that for every f € C. (X), Af = [ fdpu.

Note that in fact, if this is true for real f then it is also true for complex f. Although we have to be careful with complex
numbers because the Hilbert space version of the Riesz representation theorem only gives an anti-isometry in the complex
case, we didn’t actually use that theorem in the proof of this one, so this one actually does work for complex f.

Also, if we can prove that Af < [ « fdu for all real f we will be done, by considering — f and using linearity of A and the
integral.

Now, let K be the support of a real f € C.(X) and let [a,b] be an interval which contains the range of f (by the
topological version of the extreme value theorem). Fix € > 0 and choose y; for i = 0,1,2,...,n such that y; —y;—1 < ¢ and
Yo <a <y <..<yp=">0 (noteIdid indeed mean yy < a and not yo = a - we will see why shortly). Put

Ei={z:yi-1 < f(z) <y}NK

Since f is continuous, f is Borel measurable, and the sets E; are therefore disjoint Borel sets whose union is K. For each
i=1,2,...,n there are open sets V; O E; such that

p(Vi) < (B +

and such that f (z) < y; +¢ for all z € V;. By step 4, there exist functions h; < V; such that > h; = 1 on K. Therefore,
f=>"h;f and step 6 and linearity of A shows that

K) <A (D hi) =D An

Since h;f < (y; +¢) h; and since y; — e < f (z) on F; we have (noting that A has f < g = Af < Ag as it is linear and
positive and by considering g — f)

n

Af = §A(hif> < ; (yi +€) Ah;

n

Z la| + y; +€) Ah; —|a|ZAh
i=1 =1

gZ(|a|+yi+5) [M(Ei)+%i| — |af p (K)

i=1
The last line follows from the definition of V; and the fact h; < V;. Noting that > u (E;) = p (K) we get

n
g
fz la] +yi +¢) [ +ﬁzl la| +yi + ) — |a| p (K)
1=

=3 - (B +

i=1

3\01

Z la| +y; +¢) + 2ep (K)
i=1
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S/fdﬂ+€

1 n
EZ(\a|+yi+5)+2u(K)
=1

Since the bracketed stuff is a fixed constant depending only on f and e was arbitrary, the inequality we wanted to prove
follows.

O

Definition. Let 0 < A < 1. Then a function f : [a,b] — C is y-Holder continuous if, roughly speaking,for ¢ we have that
the § that works has §”is on the order of €. More precisely, we say the condition is if

Iflgo. = suplf (2) +  sup [f (2) = F W)
rE

5 < o0
z,y€l,x#ty |IL‘ - yl

The set C%7 (I) of y-Holder continuous functions is a Banach space with this norm.

Proof. Easy check is that the second term is a seminorm and satisfies linearity and the triangle inequality and the first
term in the sum is a norm, so we actually have a normed space. The only hard part is completeness. Let fi; be Cauchy in
C%7 ([a,b]). Then since ||fx — finllco < Ifk — fmllco we have that fy is Cauchy in C° so it converges uniformly. Easy
check is that the uniform limit is also a limit in the C7 seminorm. Explicitly, if m,n are large enough for a given ¢ then
it follows by fixing m and letting n — oo and taking supremum over z,y in

|(fm (2) = fn (&) = (fm (y) = fn (9))]

lz —y|”

S H.fm - fn”c().,'v <e

To check that the limit is indeed in C%7, we have for N large enough that

[fllcor < If = fullcos +1fnllcor <e+I1f = fnllco + I Nllcon < o0

Therefore f is indeed in C%" and fy — f in C%? by combining the 2 convergence results.

Proposition. The closed unit ball in C° ([a, b]) is compact in the C°-topology.

Proof. Compactness in a metric space is equivalent to sequential compactness which we have by Arzela-Ascoli since the
family is uniformly bounded and equicontinuous by the Holder continuous thing.

O

Recall from linear analysis the Banach-Alaoglu theorem: that closed unit balls in dual spaces are compact in the weak-star
topology, which is coarser than the weak topology which is coarser still than the strong topology.

Proposition. Let X be a separable Banach space and let D be a countable dense subset {xy :k € N}. Let P =
{pk : k € N} be the family of seminorms on X* defined by pr : A — |A(xx)| and let T» be the associated topology
as defined in Linear analysis i.e. the coarsest topology that makes every py continuous. Let B” be the closed unit ball in
X*. Then Tp|g+« = Toy+|5+ and these are both metric topologies.

Proof. Let K be R or C i.e. the field we are working with. We first want to show P is separating. To do this, let A € X*
satisfy pr (A) = 0 for all k € N ie. A(xg) =0 for all z; € D. Then A : X — K is continuous by definition of the dual
space. A continuous function that vanishes on D must vanish everywhere on X since D is dense, so if A is non-zero then
P must be separating. If A = 0 then the definition of separating seminorms specifies non-zero A (It said x in the definition
but here we are considering X* so A is an arbitrary element) so separating becomes Vacuous.

By an earlier theorem, it follows that Tp is a metric topology (see the thing about countable separating family of
seminorms). It remains, now, to check that Tp

Note that since P C X™** we have that Tp

5+ C Tyr

B+ so it remains to check the inclusion in the other direction.
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To do this, let U be open in Ti~|5+ and let Ag € U be arbitrary, then we want to show that Ag is an interior point of U
with respect to the Tp|5+ topology.

By definition of the subspace topology there exists O open in the weak-star topology on X* such that U = O N B
Since the weak-star topology is a topological vector space its topology is translation-invariant so there exists a weak-star
open neighbourhood of the origin in X*, say W, such that Ag + Wy« C O. Now W« must contain a basic weak-star
open neighbourhood of 0, which is given by ﬂ;vzl V (29, n;) where V (z,n) = {A € X" :|A(z)| < 2} are the subbasic
neighbourhoods about 0 in the weak-star topology of X*.

Therefore, it suffices to prove that every subbasic open neighbourhood of 0 in the weak-star topology contains a subbasic
open neighbourhood of 0 in the Tp|5~ topology, as we can change subbasic to basic by taking finite intersections and note
that if we can prove this then U has a basic open subset of Tp|5+ about every point contained in U, which implies that
anything in T,+|5+ is a union of things in Tp|z+ which implies the other inclusion.

In other words, we want to prove that for every € X and n € N there exists z; € D and m € N such that V (x,m) C
V (x,n).

Fix z € X, then by density, for all £ > 0 there exists z; € D such that ||z — z;|| <e. If A € V (z;,m) then
1
A ()] < [[Al}H |z = zill + A ()] < e+ —

Taking € < ﬁ and m > 2n we have A € V (z,n). It is here we use the fact that we are in the closed ball, as we must have
Il < 1.

O

Corollary. If x) is a dense sequence in X then a sequence A; in B converges to A if and only if as j — oo we have
A (zg) = A (xy) for every k.

Corollary. Compactness in the weak-star topology is equivalent to sequential compactness.

Note that this gives an alternative proof of Banach-Alaoglu from the one given in linear analysis, for the case the space is
separable. The idea is to use Bolzano-Weierstrass and diagonalization to get sequential compactness which is equivalent
to compactness because the topology is metric.

Corollary. Let 1 < p < oo and let (f;) be a sequence of functions in L? (R™) each satisfying || f; Hp < 1. Also let ¢ satisfy
% + % = 1. Then there exists f € L? and a subsequence f;, such that | f|| » < 1land for every g € L9 we have

[ o@ @ [ g fi)da

Rn

In fact we can replace the bound 1 by any K by rescaling appropriately.

Proof. This is because we are looking at the closed unit ball in the weak-star topology in a dual space which is compact
by Banach-Alaoglu and is a metric topology and therefore also sequentially compact.

Recall from linear analysis that the Hahn-Banach theorem says

Theorem. Let X be a real or complex vector space and p : X — R be a seminorm and M C X be a subspace. Suppose
l: M — R is linear and satisfies [ (y) < p(y) for all y € M . Then there exists a linear operator I’ : X — R such that
Il=0I"on M and! <pon X.

Now we have the following cool results, which relate to the geometrically obvious draw-a-picture fact that in R™ any 2
convex sets have a plane between them:
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Lemma. Let X be a Banach space and suppose A C X is a convex open neighbourhood of 0. For x € X define the
Minkowski functional of A by p4 (z) = inf {t >0:t7lz € A}. Then g4 is sublinear (i.e. satisfies the triangle inequality)
and satisfies p4 (z) < k||z| for some k > 0. Also, pa (y) < 1 whenever y € A.

Proof. The fact that p < 1 is because for each y € A there is a € such that (1 + )y € A by openness.
Note that p4 is positively homogenous because if A > 0 then inf {t >0:t7 e A} = Ainf {t >0:t"lzx e A}.

The fact that p 4 satisfies the triangle inequality is because: By definition of the infimum for all £ > 0 there exists s,¢ > 0

such that s < pa(z) +cand £ € A and t < pua(y) +€ and ¥ € A. Then consider the convex combination of £ and

y . . s b s xty . . x4y
7 with weights pr and ;1. Then this is 5. Since A is convex we must have that s

pa (@ +y) <s+t<pa(@)+pa(y)+ 2, so letting e — 0 the result follows.

is in A which means that

The fact that we have pa () < k||z| is because there is an open ball around 0 in A by openness, say of radius e, and
pa (z) < 1 inside this open ball, and so by linearity we can take k = e~1.

O

Theorem. Let A, B be disjoint non-empty convex sets in a real or complex Banach space X and suppose A is open. Then
there exists A € X* and v € R such that for all x € A and y € B we have

Re (Az) < A <Re(Ay)

If B is also open the second inequality may be taken to be strict.

Proof. Note that it suffices to prove the result for real Banach spaces because then if X is complex we can find a real-linear
I : X — R which separates A, B as stated in the theorem and then set A =1 (z) — il (i) which is complex-linear.

Pick ag € A and by € B and let g = by — ag. Let C = A — B 4+ xy. This is a convex open neighbourhood of 0 in X
since A is open, and since A, B are disjoint we have 29 ¢ C. Let p (z) = inf {t >0:t"tx e C}, then by the lemma this
is a sublinear functional satisfying p (z) < k||z|| for some k > 0 and p(y) < 1 for some y € C. Since xg ¢ C we have

p(xo) > 1.
Let M be the subspace generated by xy and on this space define the linear functional f(tzo) = ¢t. If ¢ > 0 then
ftxo) =t < tp(xo) = p(tzo) and if ¢t < 0 then f(txg) =t < 0 < p(tzg) so f < p on M so by Hahn-Banach we can
extend f to a linear functional A satisfying
—kllz| < —p(-2) <A(z) <p(x) < k||
Therefore A € X*. Now let a € A and b € B, then
Aa—Ab+1=Ala—b+zp)<pla—b+uxo) <1

the last inequality is since a — b+ z¢ € C so we have Aa < Ab. This implies that A (A) and A (B) are disjoint convex
subsets of R and A (A) is open by the open mapping theorem from linear analysis. The result therefore follows. If B is
open then so is A (B) so we indeed can get a strict inequality.

O

Theorem. Let A, B be disjoint non-empty convex sets in a real or complex Banach space X and suppose A is compact
and B is closed. Then there exists A € X™* and 71,72 € R such that for all x € A and y € B we have

Re (Az) < A\ <72 < Re(Ay)

i.e. such that there is a gap.

Proof. As in the previous theorem we may assume X is a real Banach space.
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Since A is compact and B is closed we have that inf{|ja —b||:a € A,be B} =d > 0. Let V = By (0) and consider

A+ V. Then this is open, convex and disjoint from B so applying part a with A+ V in place of A shows that there exists
A € X* such that A (A+ V) and A (B) are disjoint convex subsets of R wish A (A + V) to the left of A (B) (by taking
—A if necessary). Since A (A+ V) is open and A (A4) is a compact subset of A (A + V') the result follows.

O

Corollary. By applying the previous theorem with A = {leoi and B = M and rescaling the resulting A appropriately,
where M is a subspace of a banach space X and zg € X \ M, we get the result from linear analysis that there exists
A € X* such that Axzg = 1 and Az = 0 for every x € M.

3 Test functions and distributions

3.1 The test function spaces

Let 2 C R™ be open and consider the vector space C> ().

Recall that a Frechet space is a locally convex topological vector space with a topology induced by a complete invariant
metric. We want to put a topology on C* (£2) that makes it a Frechet space with the Heine-Borel property (which says
closed + bounded implies compact).

Alright so here is how we do this. First note that there is a sequence of compact sets such that each is in the interior of
the next and their union is €2 as proved earlier. Call this K,, and define, for a a tuple of integers,

P (f) = max{|D°f (z)], 2 € Ky, la] < n}

Note that this definition includes the zero tuple o = (). Then this family is separating because if f # 0 then f (z) # 0 at
some point z €  so for sufficiently large n we have p,, (f) > 0. Thus, the family of seminorms P = {p,, : n € N} induces
a topology T on C* () that is locally convex and metrizable and forms a topological vector space and is translation and
scale invariant, by an earlier theorem.

Note, also, that p,, is increasing as n increases. Therefore, the local base for this topology can actually be simplified to
sets of the form

VN{fecoo(Q):pN(f)<]1;}

We will call this topology & (Q2).

Proposition. A sequence f, in £ () converges to f if and only if D*f, — D®f uniformly on compact sets for each
multi-index «

Proof. By the translation invariance of the topology we can assume that f = 0. The sequence f,, tends to 0 in £ (2) if
and only if for each N there exists my such that f, € Vy for all n > my.

First, suppose that f, — 0 in £ (). Fix a and let K C Q be any compact subset. For any ¢ there exists N such that
N > max{\oz| ,5*1} and K C Ky. If n > my then f, € Viy which implies that

<e€

1
SuP|Dafn| < SUP|Dafn| <pn (fn) < N
K Kn

Thus D® f,, — 0 uniformly on K.

Conversely, suppose that for each multi-index « and compact set K we have that D f,, — 0 uniformly on K. Then given
some N there for each o with |a] < N we have D®f,, — 0 uniformly on Ky which implies there exists m,, such that if
n > m, we have

1
sup |D* fu| < —
KN | | N

Thus if m = max|,|<ny M then for all n > m we have f, € Vy and f, — 0in £.
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The above theorem is basically the principle that convergence in a topology induced by some norms is equivalent to
convergence in all these norms.

Theorem. The topological vector space £ (€2) is a Frechet space with the Heine-Borel property.

Proof. Step 1. To check that it is a Frechet space we just need to prove it is complete since we know it has the topology
induced by an invariant metric and is locally convex.

A sequence f, in £ (Q) is Cauchy if for all N there exists an M such that for all i, 7 > M we have

1
(Va: |la| < N)sup |D“f; — Df;| < —
Kn N

Since the Ky exhaust 2 this implies that there exists continuous functions g® such that D% f,, — ¢g® uniformly on compact
subsets of €2, by the Cauchy criterion for uniform convergence of functions.

Now recall from basic analysis that on [a, b], uniform convergence of derivatives and pointwise convergence of functions
at a point implies that the functions converge uniformly to a differentiable function with the limit derivative, and if the
derivatives are continuous then the limit of the derivatives is continuous as the uniform limit of continuous functions.
Also, this result extends trivially to directional derivatives and can be extended to higher indices by simple induction.

Therefore, there exists a C'*° function f such that f, — f and D“f,, = D*f on every Ky by this result and thus globally.
This proves completeness.

Step 2. We want to show that closed and bounded implies compact, for which it suffices to prove that any bounded
sequence has a convergent subsequence since we are in a metric space. Let E C £ (£2) be closed and bounded. B an earlier
theorem, boundedness is equivalent to existence of My such that py (f) < My for all f € E. For some My’s we have
that |D®f| < My for all |a] = N holds for all f € E. By the mean value inequality this implies that for each 8 with
|B] < N —1 the set {DB f:fekrE } is equicontinuous on Ky _; and it is trivially uniformly bounded by the condition

pN (f) < M.

Thus, Arzela-Ascoli implies there is a subsequence that converges uniformly on K. Call this fni' Suppose now that
an increasing sequence of integers nl are given with the property that (Dﬁ fnkN> converges uniformly on Ky_; for all

|B] < N —1. Then we know that for each § with |5] < N the set {Dﬂfnk{v :feE ke N} is equicontinuous and pointwise
bounded on K. We can therefore extract a further sequence f, ~+1 that converges uniformly on Ky for all |B| < N . By

induction we can find a subsequence with the required property for all n and the usual diagonal sequence Fj = fn’g has
that D*F}, converges on compact subsets for any «.

Note that the limit function is actually in E because E is closed. Therefore F is sequentially compact.

O

Definition. Let K C R" be compact. Denote by D the space of all f € C>° (R™) with support in K. If K C Q then Dg
may be identified with a vector subspace of C* () that we will shortly show is closed with respect to the £ () topology.

Lemma. The map ¢, : £(Q2) — C given by f — f (z) is continuous.

Proof. If ¢; — 0 in € (Q) then D%¢; — 0 uniformly on every compact subset of Q for every multi-index «. In particular,
taking ov = 0 and the compact set {z} we have d,¢; — 0. Since sequential continuity coincides with continuity on metric
spaces and thus Frechet spaces, the result follows.

Proposition. Dk is closed in C* ()
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Proof. We know that the set 5,1 ({0}) is closed by the lemma. Since we can write

Dx= () &' ({0})

zeQ\K

it follows that this is an intersection of closed sets, thus also closed.

Therefore we have that Dy is a Frechet space with the subspace topology.

Definition. Let Q C R™ be open. Then the set D () is the union over the sets D with K C Q compact.
Note that this is just C2° (©2). However, D () refers to this set with the topology we will shortly define.
Note that this is a vector space over R or C.

Our goal is to put a topology on D (Q2) that makes it so that it is a complete locally convex topological vector space such
that the subspace topology induced on Dk agrees with the subspace Frechet topology from & (£2) for each compact K C Q.

Here is how we will do this.

We will define
[ flly := max {|D*f ()] : x € Q, |a| < k}

For each compact K C Q2 we will let Tk be the Frechet subspace topology on D induced by & (Q2).
We will let 8 be the collection of all convex balanced sets W C D (2) such that Dxg N W € Tk for every compact K C Q.
We will let T be the collection of all (possibly empty) unions of sets of the form ¢ + W with ¢ € D (2) and W € 3.

Theorem. T is a topology for D (2) with local base 5 and it makes D (£2) into a locally convex topological vector space.

Proof. Step 1. We want to prove that we have a topological space with local base j.

It is clear from the definition that 7" has the empty set and the whole space and is closed under arbitrary unions. It
remains to check closure under finite intersections. Therefore, let Vi, V5 € T and let ¢ € V3 N V,, then we want to prove
that ¢ + W C V4 NV, for some W € B. Setting ¢ = 0 and Vo = D () implies that any neighbourhood of 0 contains an
element of 3. Therefore it is enough to prove ¢ + W C V; N V5.

From the definition of T, there exist ¢; € D () and W; € 8 such that ¢ € ¢; + W; CV; fori =1,2.

Choose a compact K C € such that ¢, ¢; € Dg. Since D N W; is open in Di we claim that we have
¢— i€ (1—6;)W;

for some §; > 0. This is because Dk is a topological vector space for each K with the topology Tk that is a topological
vector space by properties of £ so scalar multiplication is continuous so for any i € Dk the map Fy : R — Dg

given by t — t¢ is continuous. Therefore the set (F¢,¢i)71 [W; N Dg] is open in R. In particular there exist e; with
(1 = 24,1+ 2¢;) € A which is equivalent to t (¢ — ¢;) € W; N Dk for ¢t € (1 — 2¢;,1+ 2¢;). This implies that ¢ — ¢; €
(1 = 6;) W; holds for some 4; > 0.

Since W; is convex we have
¢— i +6;W; C (1 —0;) Wi + W, =W;

The last equality is something I proved in linear analysis.We now deduce that
d+ oW Codi+W; CV;

Therefore, taking W = 6 W1 N 6 Ws we have ¢ + W C V; N V5 as required.
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Step 2. We aim to prove we have a topological vector space which we know would be locally convex by step 1.
Step 2A. We want to show that singletons are closed.

Let ¢1,¢2 € D(Q) be distinct and consider the set

W={6€D(Q):olly < llé1 — d2llo}

It is easy to see that W is balanced and it is also convex because it is a metric ball in a normed space (since ||[Ay + (1 — A) z|| <
max (||y||,[|z]|) by the triangle inequality). Also, the sets {¢ € Dk : ||¢||, < } and their translations are open in T for
any r and all compact K C ) by definition of Tk which is in turn by definition of £ which has to make all p,,’s which are
equal to the ||-[|,,’s on Dk continuous, we conclude that W € . Also, ¢1 ¢ ¢2 + W and since ¢, was arbitrary we must
have that {¢1} is closed.

Step 2B. We want to show that addition is T-continuous.

Let U € T be open and suppose ¢1, ¢y € D (Q) with ¢1 + ¢o € U. Since S is a local base, ¢1 + ¢po + W C U for some
W € 5. Then by convexity of W,

1 1 _
<¢1 + 2W> X <¢2 + 2W> ()W)
Therefore (+) " (U) is open in the product topology so addition is T-continuous.
Step 2C. We want to show that scalar multiplication is T-continuous.

Let U € T be open and suppose a¢ € U with a € K and ¢ € D (£2). Since [ is a local base we have a¢p + W C U for some
W € . Note that
dY —ap=d (¢ — )+ (d —a)

Since Dk is a topological vector space, continuity of multiplication restricted to Dy for a compact K which contains the
support of ¢ ensures we can choose § > 0 such that a¢ € W if |a| < §. Now set € = (2 (|a| + §))~'. By the fact that W
is balanced and convex we have that |’ —a| < § and ¢’ — ¢ € eW implies that

1 1
a/¢l—a¢€§W+§W:W

so indeed scalar multiplication is continuous.

Proposition. A convex balanced subset V of D () is open if and only if V € g8

Proof. Since 3 is a local base we know if V' € 8 then V is open.
If V is a convex, balanced open set we want to check that Dx NV € Tk for every compact K C €.

Let K be compact and pick ¢ € Dg NV. Since 3 is a local base, we have ¢ + W C V for some W € 3. Therefore,
o+ (DxkNW)C DNV

To see this note the LHS isin V by ¢ + W C V and in Dk as the sum of 2 things in the vector space Dk .

From the definition of 8 we know D N W € Tk so D NV is open in Dk, and thus also in Tk as required.

Proposition. The subspace topology D inherits from D (Q2) for any K is the same as the one it inherits from & (Q).

Proof. First we claim that any element of T'|p,. is an element of Tk . To see this, note that every set that is open in T is
of the form J, (z; +V;) for V; € B convex, balanced and open in T since T is a topological vector space. Therefore, the
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sets open in T'|p, are sets of the form | J, (Dx N (x; + V;)). If D N (2; + V;) contains a point y then y = x; + v for some
v € V;. Because V; is a convex balanced open neighbourhood of 0, the set x; + V; can be recentered around y € D with
a convex balanced neighbourhood W € 8 such that y + W C x; + V;. By the same reason as in the proof of the previous
proposition we have y + (Dxg N W) C Dk N (z; + V;). By the proof of the previous proposition and the fact that we have
a topological vector space, y + (Dx N W) is open in Tk. It now follows that, since y was arbitrary, every y € Dx NU has
a Tk-neighbourhood contained in D NU, so Dx N U is open in Tk.

Therefore it remains to show that if £ € Tk then E is open in T'|p,.
We want to show that £ = D NU for some U € T. Suppose ¢ € E'. Then by definition of Tk there exists N, such that

WeDk: v —-9lly<d}CE
Define
Wy ={YeD(Q): ¥y <}

Then Wy € 8 and
DgN(p+Wy)=0¢+DxNWy CE

The last inclusion is by the definition of Wy, IV,§. Now we have that £ = Dk NU for some U € T because we can take
U= ] (¢+Wy)
¢er

O

Proposition. If F is a bounded (in TVS sense) subset of D (£2) then E C Dk for some K C ), and there are real
numbers My < oo such that every ¢ € E satisfies the inequalities ||¢[| y < My for each N € N.

Proof. First suppose that E C D () is not in any Dk, then we want to show that it is not bounded. Let K,, be an
exhaustion of Q. Since E ¢ Dy, for each m we can find ¢,,, € E such that supp (¢,,) € K,,. In particular there exists
Tm € Q\ K, with ¢y, (x,,) # 0. Let

W ={4ecD(Q):YmeN|¢(zm)| <m " |¢m ()}

Then W is convex and balanced. Suppose K C € is compact, then there exists M such that K C Kj;. In particular this
implies that x,, ¢ K for m > M, so x,, ¢ K for m > M. Therefore, Dx N W is an intersection of finitely many open sets
(as for m > M the condition does not restrict Dx N W any further) so W € 8. However, ¢,, ¢ mW for any m so E is
not bounded.

Thus, any bounded set in D (£2) belongs to Dk for some K. By the previous proposition it follows that F is bounded
in Dg. The final part of the theorem follows from the fact that a set is bounded if and only if every norm in the set of

seminorms forming the space is bounded on that set from a theorem we proved earlier.

O

Corollary. Since Dk has the Heine-Borel property inherited from £ as shown earlier, the previous proposition implies
that so does D ().

Proposition. Cauchy sequences in topological vector spaces are bounded.

Proof. Let U be an arbitrary neighbourhood of 0 in X. By continuity of addition in a topological vector space there exists
a neighbourhood W of 0 such that W + W C U and we know from earlier every neighbourhood of 0 contains a balanced
neighbourhood of 0, so let VV C W be balanced, then V +V C U.

If x,, is T-Cauchy there is an integer N such that m,n > N implies ©, — ., € V. We know finite sets in topological
vector spaces are bounded so we just need to check boundedness of the tail of the sequence.
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Boundedness of the tail is because n > N implies x,, € zy + V. By boundedness of finite sets there exists A such that
A>1and {z1,29,....,25} C AV. Also, V is balanced so V' C AV. Therefore we have, for n > N,

T €N +FVCAVHV AV +V)CANU

We conclude because U was an arbitrary neighbourhood of 0.

Corollary. Every Cauchy sequence in D () is in Dg for some compact K.
Corollary. Every Cauchy sequence in D (§2) is Cauchy with respect to Tk for some K

Corollary. By considering the neighbourhoods of Tk of balls of the form {w €Dk : |||y <N _1} we see that every
sequence that is Cauchy in D (§2) is Cauchy with respect to each ||-||; norm.

Corollary. Since Dy is complete by completeness of £, D is complete i.e. Cauchy sequences converge.

Proposition. A sequence tending to 0 in a topological vector space is Cauchy.

Proof. By continuity of scalar addition for every neighbourhood U there is a neighbourhood W with W — W C U and
there is I such that ¢ > I implies ¢; € W so ¢; — ¢; € U so the sequence is Cauchy as U was arbitrary.

O

Corollary. If ¢; — 0 in D () then then there is a compact K C Q containing the support of every ¢; such that D%¢; — 0
uniformly as ¢ — oo for every multi-index a.

Lemma. Let A : X — Y be a linear map between topological vector spaces. Then A is continuous if and only if for every
neighbourhood of 0 in Y its pre-image has an open neighbourhood of 0 in X.

Proof. For the non-trivial direction assume that A is continuous at 0. Then if ¢g € X then for any neighbourhood U of
A (o) the set W =U — A (¢y) is a neighbourhood of 0 in Y and by linearity, the pre-images satisfy
ATHU) = ATH(W + A ()

Now let z € A= (W + A (o)), then A(z) € W + A(¢o) so by linearity of A we have A (x — ¢g) € W. Therefore,
T = ¢o + (xr — ¢o) € po + A~ (W). On the other hand, if x € ¢g + A~ (W) then z = ¢g + v where A (v) € W. By
linearity,

A(x) =A(¢o+v) =A(¢o) +A(v) € A(do) + W

Therefore
AN U) =AW+ A(¢o)) = do+ A (W)

Thus, A=! (U) contains an open neighbourhood around ¢g, as A~! (W) is open by continuity at 0.

O

Definition. Let X,Y be topological vector spaces. Then a linear map A : X — Y is said to be bounded if it maps
bounded sets to bounded sets.

Theorem. Let Y be a locally convex topological vector space and let A : D (2) — Y be a linear map. Then the following
are equivalent:

a) A is continuous
b) A is bounded

c)If $; = 01in D () then Ap; - 0inY
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d) The restrictions of A to every Dx C D (Q2) are continuous.

e) For each compact K C ) there exists N € N and a constant C' such that for all ¢ € C° (K) we have

A[¢)l < Csup > [DY(z)]

€K a1<n

Proof. a = b:

Let E be a bounded set in D (£2) and let W be a neighbourhood of 0in Y. Since A is continuous there exists a neighbourhood
V of 0 in D (£2) such that A (V) C W.

Since E is bounded there exists s > 0 such that £ C ¢tV for all ¢ > s. Since A is linear we have
AE)CA@RV)=tA(V) CtW
therefore A (E) is bounded.
b = «
We know that if ¢; — 0 in D () then there exists K C Q such that ¢; — 0 in D and ¢; is contained within Dx by
the corollaries above. Since Dk is metrizable with an invariant metric there exist scalars a; — oo such that a;¢; — 0

in Dk (by an earlier proposition), and hence in D () by the subspace topology property. By linearity of A we have
A(¢i) = a; " A (aih).

Now a;¢; is Cauchy, hence bounded, so A (a;¢;) is bounded by assumption, and as a; ' — 0 and A (a;¢;) is bounded, an
earlier proposition also implies that A (¢;) = a;lA (aip;) — 0.

c = d

Again by the subspace topology and (c) we have that if ¢; — 0 in Dg then A¢; — 0. Suppose that the restriction of A to
Dy is not continuous. Then by the lemma above, there exists a neighbourhood W of 0 in Y such that A= (W) contains
no neighbourhood of 0 in Dk. Since Dk is metrisable, pick a metric d which generates Tk and construct a sequence
xn — 0 such that z,, ¢ A= (W). Then z,, — 0 in Dg and hence also in D (£2), but A (x,,) - 0, contradicting (c).

d = a

Suppose that U is a convex, balanced open neighbourhood of the origin in Y and set V.= A~ (U). Then V is convex and
balanced by the linearity of A. Then by an earlier proposition V' is open if and only if it is in 5 i.e. if Dg NV is open in
Dy for every K compact in 2. But then this is the case as A is continuous when restricted to each Dg. Thus, V is open.
Now suppose that W is any open set in Y and let ¢ € A~! (W). Since Y is locally convex there exists a convex balanced
neighbourhood of 0 in U such that A¢ + U C W. Since A is linear, we have ¢ + A=1 (U) C A= (W) (see the proof of the
previous lemma) so ¢ +A~! (U) is open so there is an open neighbourhood about every point in the pre-image so A= (W)
is open so A is continuous.

Therefore a — d are equivalent. It remains to relate this to condition e.

d = e:

Fix K. By continuity, A=! (B (0)) contains a basic open neighbourhood of 0, say U. Then there exists N, C such that

{oeDe@ o)< 5} cUCtoeDe@:n@] <)

If pn (¢) = 0 then py (Ap) = 0 for every A so we must have A (¢) = 0-

If py (¢) > 0 then for any § > 0 consider



Then py (¢¥) < € so A(¥) < 1, so by linearity,

A(6)] < 2 (on (9) +9)
Taking § — 0 gives the result where C = é is the appropriate constant.
e = d
Let N, C be as in the statement of the theorem.

Given ¢ > 0 the set V = {¢ € Dk (Q) : pn (¢) < &} is a basic open neighbourhood of 0 in Dk () by definition of the
topology. For any ¢ € V' we therefire have |A (¢)| < ¢ so the restriction of A to K is continuous.

O

To summarize, we have shown that if €2 is open in R™ we can equip C2° () with a topology such that
1. The vector space operations of addition and scalar multiplication are continuous

2. A sequence ¢; converges to 0 if there exists a compact K C Q such that the support of every function in the sequence
is in K and for each multi-index o we have sup ¢y |[D%¢;| — 0, and ¢; — ¢ if ¢; — ¢ — 0.

3. Linear maps from D () into a locally convex vector space are continuous if and only if they are sequentially continuous.
Now recall that T,,¢ (y) = ¢ (y — x). Then we have

Proposition. Let ¢ € D (). Let 6 > 0 be such that Ty¢ € D (Q) for || < 6. Then if z,, C R™ is a sequence tending to
0 contained in By (0), then Ty ¢ — ¢ in D ().
Proof. Note that there exists ¢ > 0 such that supp (¢) + Bas (0) C Q. Then for |z| < § we have

suppTyz¢ C suppo + B (0) C suppe + Bas (0) € Q

Then if ¢ is large enough, supp (T, ¢) C supp¢ + Bs (0). For each o, D*¢ is continuous on a compact set so it is uniformly
continuous so

sup [T, D¢ — D%¢| — 0
K

Proposition. Let ¢ € D (). For h sufficiently small define the forward difference quotient as
1
D)= = (T e, = 0)

where e; is the standard basis for R”. Then Al'¢ — D;¢ as h — 0 in the D topology.

Proof. As in the argument above there exists a compact K C € such that supp (A?QZ)) C K for h sufficiently small.
Therefore by the mean value theorem, for each = € K there exists ¢, € (0, ) such that

_ D% (x+ he;) — D¢ (x)
o h

Given € > 0, by uniform continuity as in the argument above if ¢, is small enough the difference is less than ¢ and we
conclude similarly.

DAl (2) = DiD¢ (x + tye;)
O

Example. If ¢ (x) is non-zero on R the sequence ¢, (z) = %(b (x — j) does not converge in D (R) because its support is
not contained in a compact set.
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Note that the inclusion map i : D (2) — £ (£2) is continuous, since convergence in D is strictly stronger than convergence
in £.

Note that the subspace topology on Cgeof £ is NOT D. To see this, if ¢ is non-zero but has compact support, then as

above the sequence ¢, (z) = % (x — 7) does not converge in D (R), but it does converge in £ (R) since in every compact

set it is eventually identically 0.
Definition. A function ¢ € C* (R™) is said to be rapidly decreasing if for all multi-indices @ and N € N we have

sup [(1+[z)™ D% (z)| < o0
r€ER™

Example. Functions with compact support are rapidly decreasing. So is the function = — e~lzl*,

We will define the family of seminorms P = py where

py(9)=  sup |(1+|z))Y DY ()
zER™,|a| <N

Then this is a separating family of seminorms giving rise to a topology S such that the vector space operations are
continuous. Since functions with compact support are rapidly decreasing we get that D (R™) is contained in S.

S is called the Schwartz space.

Using the same proof as the analogous theorem above, or the principle that convergence in a topology induced by some
norms is equivalent to convergence in all these norms, we see that convergence in S is equivalent to uniform convergence
of pn (¢;) for every N € N.

Also, for the same reason as in £ (R™) this topology on S is metrizable. We have that
DR") CSCE(R)

and the inclusion map is continuous in each case, again since it is easy to see that the notions of convergence are weaker.
We will justify now why convergence in S implies convergence in £: To do this, set N = 0 on the exponent and note that
restricting to a subset preserves uniform convergence. Allowing N = 0 is not necessary since if pyy — 0 for all N > 1 then

SgﬂD”@WéﬁyﬂD“%Wéﬁg>GﬂﬂwDND“%'=pN—*0

3.2 Definition and basic properties of distributions

Consider a general linear PDE of order k where L is a differential operator:

Lu = ZaaDau =f

a<k

Assume that each a, € C™ () for an open 2 C R™.

We'll generalize solutions to the situation where « and f need not be of class C*. We’ll say that v and f belong to a space
X.

We will want X to be such that the inclusion map i : C*° () — X is injective, and X is a vector space over C. We want
to come up with a way to ’differentiate’ elements of X that is compatible with the inclusion map and a topology on X

such that the above operations are continuous.

If you took the tripos in a normal order, i.e. taking methods before this which I'm sure would make me lose my mind,
you would probably have a better idea of why we want to do this and what the motivation is.

Definition. A distribution is a continuous element of D* (€2) i.e. a continuous linear functional on the space of test
functions.
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Definition. Note that in condition (e) of the continuity criterion above, if there exists an N that works for every compact
K (C is allowed to depend on K') then we say that A has finite order and the least such N is its order.

Now we will look at examples of distributions:
Example. The Dirac delta: For z € Q define 0,¢ := ¢ ().

This is trivially linear. It satisfies the continuity bound with C' =1 and N = 0 and has order 0 because

¢ (w0)| < sup | (2)]
reEK

Example. If f € L} . then define the distribution T by

loc.

Trg = /Qf(w)fb(w)dx

Again, clearly linear. As for continuity and order,

Tyl :/K\f(y)||¢(y)\dy < (/Klf(y)ldy> sg}glﬂy)\

Since f € L}, and K is compact, (fK If (y)] dy) is a finite constnat, so the order is 0.

Example. Let ¢ € D(R), then define

3% (1> 6] = lim [ _: @dx + /:o (b(x)dm]

x e—0 x

This is clearly linear if the limit exists which we are about to prove is the case.
We can write

€T e—0 €T

PV <1> [¢] = lim [ h d’(f”)_‘b(_x)dx}

— 00

On the other hand, we have

X

‘Wﬂf)@f’(l’) _ ’/11 ¢ (xt) dt‘ < 2sup|d/|

From this we conclude that the limit exists and that if ¢ € C2° (Bg (0)) then

‘PV <1> [¢>]‘ < 4Rsup /|

T R

So we have a distribution of order at most one.
To show that the order is exactly one we must show that it is not 0.
Let g : R — R be smooth with g (t) =0fort <land g(t)=1fort>2and 0 <g(t) <1.
Fix x € C° (R) such that 0 < x < 1 everywhere and x (z) =1 on [0, 3] and x (z) = 0 for |z| > 1.
Define ¢, (z) = g (nx) x (x) for x > 0 and ¢, (z) = —g (—nz) x (—z) for x < 0. Define ¢, (0) = 0 for all n.
Note that ¢, € C2° ([~1,1]) and sup,¢(_1 1) [¢n (z)] < 1 for all n.
Then the functional is given by

[y, [ o,
e T 0

T
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g(nz)x(x)

since was constructed to be an even function and is 0 away from 0.

For n > 4 the integral can be bounded below by 2In ( ) by noting that g (nz) x () =1 on [f =1.

n
4

If the distribution had order 0 there would exist a constant C such that for all n we have

1
PV ()16, < Cswplonl <
x R
Therefore the order is 1.
Now define
i:C*(Q) =D (Q)

by
fl—)Tf

Note that C>* C C° C L} by the extreme value theorem. We hope to be able to identify distributions with smooth

loc
functions in this way, and then we will consider distributions that are not representable in this way as ’'generalized’

functions, like the dirac delta, that we will hopefully see in the methods course why we actually care about them.

To achieve this goal we want to verify that 4 is injective. The idea is to recover f at each point by multiplying it by scaled
bump functions.

Given ¢ : R" — C and z € R” define Ty,¢) (y) = ¢ (y — ). Define ¢ (y) = ¢ (—y). By convention, define T,.é (y) = ¢ (x — y)
so that the translator operator acts before inversion. Then we have the following:

Theorem. Let f € C*(Q) and as earlier let ¢. be a function that integrates to 1 and is smooth and supported on a €
open ball about 0. Define for any z with d (z,02) > ¢

Je (3]) = Tf [Tzés]
Then for any compact subset K C Q and any |a| < k we have

sup |D%f. (x) — D“f (z)] = 0
zeK

ase — 0

In particular we can recover D® f (x) using only T7.

Proof. Fix K C § compact. Recall that there exists 6 > 0 and x € C° (R2) such that x =1 on K 4+ Bs (0). For ¢ < 4,
since supp (¢:) C Be (0) we have for z € K:

f€<x>=/ﬂf<y>Tz¢SE(y>dy=/ X)) 6 (z— ) dy = b % ()

n

Since  is smooth we have yf € C* (R") so as ¢ — 0 we have for any |a| < k by an earlier theorem about convolving with
¢ that
D% (¢ = (x[)) = D (xf)

and the convergence is uniform on R™ as € — 0. In particular we have uniform convergence in K as required. The fact
that x is 1 on K + B, justifies this.

O

Corollary. If f,g € C° then Ty = T, implies f = g since the above theorem gives a way to recover f by picking a clever
family of test functions.
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3.3 Differentiating distributions

We want our definition of the derivative of a distribution to coincide with the derivative of a function.

If fis C' then we know that Tp, rp = [, [Dif] (x) ¢ (x) dz. Since ¢ € C°, then by Fubini’s theorem we can integrate by
parts without picking up any boundary terms to get

T, 6 = — /Q f (%) [Did] (z) dz = —T; [Di]

We now define the D derivative of a distribution u to be the distribution D*u which acts on a test function ¢ € C° (Q)
as

(D) [¢] = (~1)/* u [Dg]

Since a distribution acts on smooth functions, a derivative is defined for any distribution.
Example. The derivative of the dirac delta function on R is a function that sends ¢ — ——|0

Example. Consider the Heaviside step function on R (Recall from the differential equations course that this is 1,>0).
We can define the associated distribution Ty as

Ty — /RH(x) 6 (2) dz

for ¢ € C° (R). Easy check is this is actually a distribution (Hint: it has order 0 check the bound for an arbitrary compact
set). Then its derivative is given by

T (Dt] = - [ ()¢ x——/oooqs’(x)dx—qs(t))

Therefore its derivative is the dirac delta as we would ’expect’ if we naively treat the fundamental theorem of calculus as
a general principle as we are meant to in applied contexts.

Definition. Multiplying a distribution u by a smooth function f is defined by fu (¢) = u (f¢)
Proposition. T is linear over C* i.e. Let f1, foa € Cp () and let a € C* (). Then
aly, +Tp, =Tapi+f
Proof. Take a test function ¢ € D (2). Then by linearity, and the definition of multiplication of distributions we have
(G‘Tfl + sz) ¢ = (anl) ¢+ (sz) ¢ = Tfl (a¢) + Tf2 (¢)

- / (fr @) a (@) + f2 (2) 6 (2) dz = Tup, 1, (0)

We conclude as this holds for every test function.

O

Proposition. If f € C*(Q) then DTy = Tpay for |a| < k. Also, i 0 D* = D® o i on functions of class C* whenever
|a| < k so derivatives work as we expect.

Proof. Let ¢ € D () be a test function. Then we have
(DT 6] = (=) Ty 1076 = ()" [ @)D
Doing integration by parts || times and noting that there are no boundary terms because ¢ has compact support, we get

= (~pel (-p)le! / Df (2) ¢ (z) dz = (Tpey) [4]

We therefore have
(D* 0i) f = D* (Ty) = Tpay = (i0 D) f
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Corollary. By linearity of f + T} in C'**° and the proposition above, we have: Let f € C* (Q) and let L be a differential
operator so that L = Z|a|§k aqD*. Then Tr; = LT}

Theorem. Let f € C°(Q) define the distribution Ty and suppose that for any multi-index o with || < k there exists
g® € C°(9Q) such that
Dan = Tga

Then f € C* and D®f = ¢g* in the sense of classical derivatives.
Proof. First we show the result for £ = 1. Given a compact subset K of Q0 and ¢. a bump function as earlier for ¢

sufficiently small, for © € K define f. (z) = [, f (y) ¢ (x — y) dy as earlier. We know that f. — f uniformly on K as
€ — 0 by a recent theorem. We have

0 0 . .
Dif. (z) = / ) gt @) dy = - /2 f(4) gte (0 =) dy = (DTy) [Ti6] = T, [T26]

As ¢ — 0 we have T, [TIQBE] = g; * ¢ — g; uniformly on K. Therefore we have f. — f and D, f. — g; uniformly on K
as ¢ — 0. This implies that f € C! (K) with D, f = g;.

We have this for all K by repeated application of the & = 1 result.

O

Example. As cursed and non-rigorous as this example is, it’s good intuition. If we say that the derivative of H (z) is
§ (x) naively and are like, what if we can just be silly like that, we might say that the derivative of § (x) is oo? for 0~ and
—o0? for 0%, and you might intuitively expect that integrating this against f gives —f’ (0), as it would give the difference
between f at 0~ and 0% divided by oo.

The reason it works intuitively this way is because we have defined it directly using familiar properties like integration by
parts.
3.4 Convergence of distributions

Consider the weak-* topology on D* (£2). Specifically, we will index seminorms by ¢ € D ({2) so that each seminorm is
given by pe (u) = |u (p)|. Then consider the topology induced by these. This is separating since if u # 0 then there exists
a p with pg (u) # 0 so it is separating. Therefore, by an earlier theorem, we get a locally convex topological vector space.

This topology has the property that a sequence u; C D* converges to 0 in the weak-x topology if and only if u; [¢] — 0
for all ¢ € D ().

Example. Let f; C C°(£2) be a sequence of functions such that f; — 0 uniformly on any compact set K C . Then
Ty, — 0 in D* (Q). This is because for any ¢ € D (Q) its support is in some compact K and

Ty, [¢]] = ‘/ fiw) o) dy‘ < 1 (K)sup |f;¢|
K K

The right hand side tends to 0 by uniform convergence so T, [¢] — 0 for any ¢.

loc

Example. By a similar argument if f; C L} () then if Hfj”Ll(K) — 0 for every compact K C Q then Ty, — 0 in D* (Q)

Example. For ¢ € D (R) set
ulg]= ) om0 (m)

m=—0o0

where the superscript denotes the |m/|’th derivative. For each ¢ this has finitely many terms so it is trivial that this is
linear, and it is an easy check that this is a distribution as it satisfies the bound for some C, N for each K (pick N with
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K C [-N, NJ]). However, it is also easy to check that it has infinite order. To do this, suppose there is an integer N and
constant Cg for each K such that for all ¢ € D (R) supported in K we have

Tl <Cx s |69 (@)
z€K,0<j<N

Note: this is clearly equivalent to the inequality with the sum.

To get a contradiction (and hence prove that this example has infinite order) let m > N and let K = [m — 0.5, m + 0.5].
Define the sequence, for k € N

1 ik(x—m

d)k(a:):wx(xfm)ek( )

where x is a standard bump function with x (0) = 1 supported in [—0.5,0.5].

Then for the semi-norm of the ¢;’s, the maximum derivative up to order N approaches 0, as splitting it into x (z —m)

and s e*(®=m) factors and then applying the Leibniz rule means the derivatives up to order N are o (1) as k — oo as

the derivatives of y are bounded by a constant.

Also, the infinite sum in the norm collapses to gn) (m) which by the Leibniz rule has magnitude at 0 equal to

kN-li-O.S ) ( 77 > X0 (0) (ik)’
1=0

As k grows, the dominant term corresponds to [ = m and this is ™y (0) k=N =05

the inequality we assumed at the start.

, which is unbounded, which contradicts

Now we have a distribution with infinite order. Now consider the sequence of distributions

M

uv =y (=)™ D5,

m=—M

Let ¢ € D () be any test function, then there exists R such that it is supported in a subset of Bg (0) and for M > R we
have

un ol = Y U™ (m) = u[g]

m=—M
Note that the last equality is an exact equality because M > R. Also, we can write

o0

u = Z Dlmls,,

m=—0oQ

where the sum converges in D (£2), trivially so because for every K it is eventually constant.

Example. Consider the bump functions T, ¢. (y) = ¢. (z — y). Then we want to show that as ¢ — 0 we have Tr. 4. = 0z
in D*. To do this, recall that T, ; [¥)] = ¢ x ¢ (z). By properties of convergence of convolutions with ¢. we therefore
have T, 5 [¢] = ¢ (x) = d, [¢]. The result follows since 1) was arbitrary.

3.5 Convolutions and PDE examples
Taking together some of the propositions above, we have

Theorem. Suppose that f € C°(2) and that T € D* (Q) satisfies the distributional equation

> aaDT =Ty
lal<k

for a, € C* () and that there exist functions u, € C°(Q) such that DT = T, . Then u := ug € C* is a classical
solution of the equation
Z aoa D% = f

lal<k
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This means we could try to solve a PDE by trying to find a distributional solution before worrying about whether it is in
fact a classical solution.

Take L to be the partial differential operator L := 2\04 <i @D and suppose now that each a, is constant and that
2 = R™. We seek solutions to the distributional equation Lu = Ty and we hope that this will lead to classical solutions
in C* (Q2) of the analogous PDE.

Definition. A distribution u € D* (2) is supported in the closed set K C Q if u[¢p] =0 for all p € C* (Q\ K) i.e. when
¢ is 0 in K. The support of a distribution is the intersection of all closed sets with this property. If this resulting set is
compact we say that v has compact support.

Some easy checks: Note that the support of a distribution corresponding to a continuous function f is equal to the support
of f. Also, if u is supported in K then so is D*u for any multi-index «. Also, since supp (4)=0 there cannot be any
continuous function that dirac delta corresponds to as we kind of already know.

Now let f be continuous on R" and ¢ € C2° (R"). Then recall that the convolution of the two functions is defined to
be (fx¢) (z) = Ty [T:¢]. Define the convolution of a distribution u € D* (R") with a test function ¢ € D (R") by the
formula

(uxd)(z) =u [Tzé}

Proposition. Let uy,us € D* (R™) and ¢ € D (R™). Then u; *x ¢ = ug x ¢ for all ¢ implies u; = us.

Proof. Since u[¢] = (ux @) (0) we have u1¢ = uy * $ (0) = us x ¢ (0) = u2¢.

Proposition. Let u € D* (R") and ¢ € D (R™). Then u* ¢ € C*° (R™) and

D% (u*x¢) =u*xDY =D x* ¢
for every multi-index «

Proof. We calculate

Al s o] () = LTOEHRDZ@EDD _ 2 (o 7,116 — u [129])
1
h

Now if ¢ is a test function we have, if this limit exists,

. - . r+he; —y)— o (x— -
lim AT, (y) = lim YOG ZD 0@ oy = (1, (Di0)) )

=Uu

(Tlothen® = Tud) | = u [A} T, 9]

By an earlier proposition about forward difference quotients (immediately generalizes even if we drop the ’forward’ con-
dition), the limit exists and convergence is also in the D topology. Therefore, using the characterization of continuity of
distributions we may write

. h . Y _ )
%.112) Al lux @] (2) = u [T, (D;¢)] = u* D (x)
Therefore by repeating the argument for higher derivatives we conclude that the first equality holds.

To get the second equality, we calculate

. olel

D [T26] (v) = 5. [6 (v~ w)] = (—1)lN (D) (& — y) = (-1)* [T, (D9)] (v)

Using the definition of the derivative and convolution of a distribution we have

(Dux ) (z) = D [Tud] = (1) u [D* (T.9)]
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Therefore by the line of working above that this is
=u [T (D°¢)] = (ux D¢) ()

Proposition. Let u € D* (R™) and ¢ € D (R™). Then

supp (u * ¢) C supp (u) + supp (¢)

In particular if v has compact support then u x ¢ has compact support and is in D (R™)

Proof. Suppose for x € R™ that u* ¢ () # 0 . Then we must have
supp (u) N supp (T;¢) # 0

by the definition of the convolution. In particular, there exists z € supp (u) such that T,¢ (z) = ¢ (z — z) # 0. Thus
x — z € supp (¢) for z € supp (u) so we have

{z :uxe(x) # 0} Csupp (u) + supp (¢)

We may take the closure on the left hand side since supp (u) + supp (¢) is closed, so done.

O

Noting that the convolution is associative for ordinary continuous functions as we proved earlier, if us has compact support
we define the convolution of 2 distributions u; x us to be the unique distribution that satisfies, for all test functions ¢, the
identity

(Ul*UQ)*¢ = Uy *(U2*¢)

Theorem. If uy has compact support then there actually exists a distribution w satisfying w * ¢ = uy * (us x @)
This is surprisingly difficult to actually prove. We need the following lemma:

Lemma. Let x € D (R") and let u; be any distribution, then the map x — w; % x is continuous D (R™) — & (R™)

Proof. Recall that by definition of the distribution convolution on test functions,
(u1 % x;) (@) = w[reX;]-

To see why (u; % x;) — 0 in E(R™) (i.e., uniform convergence of all derivatives on every compact K C R™): Using the
derivative identity D(u; * x;) = u1 x (D“X;), we have for any multi-index a:

D% (ur * x;)(®) = ur[r2(D%x;) -
Because u; is a distribution, for any compact set L C R", there exist C, > 0 and Ny, € N such that for all § € Dy (R"™):

lui [0]] < CL Z SUP‘D%(?J)’
18]<N;, VL

Since x; — 0 in D(R™), there is a fixed compact S C R™ containing supp(x;) for all j. If x € K (a fixed compact set),
then
supp(7z(D*x;)) = © —supp(D*x;) € K — 5 := L,

where L is a fixed compact set independent of j and x € K.
Define Dg f to mean the derivative with respect to y.

Applying the estimate for u; on the compact set L:

sup [D*(u1 + x;) ()] < Cp Y sup sup [ D [r(DYx;)] (v)]-
zeK IBI<Nv rzeK yel
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Since D [7,(D%x;)](y) = (—=1)I*HBI DBy (x — y), this yields:

sup [D*(u1 % x;)(2)| < Cp Y sup [DHFx(z)].
€K \8l<n, 2€R"

Because y; — 0 in D(R™), every derivative D*"#y,; — 0 uniformly on R”. The right-hand side converges to 0, proving
sup,c i | D (ur x x;)(x)| = 0.

Now we can finally prove the existence of convolution of distributions.

Proof. To prove the existence of the convolution uixus € D*(R"™) satisfying the definition, we can construct the distribution
explicitly.

Define the functional w : D(R™) — C by: §
w[@] := (u1 * (uz * ¢))(0)

Because us has compact support, the proposition above guarantees that us * ¢ € D(R™). Consequently, the proposition
above that ensures that uy x (ug x ¢) € C*°(R™), making its evaluation at 0 well-defined. Since u; and us are continuous
linear functionals, w inherits linearity, confirming w € D*(R"™) if we can prove continuity.

To prove w is continuous: w is the composition of four functions and we will show that they are each continuous:

Function 1: D — D sending ¢ — ¢. The pre-images of the open sets are exactly the open sets as the topology, as weird
as it is, is not asymmetric in that way, so it is continuous.

Function 2: D — D sending 1 — ug x 2. This is continuous because if 1); — 0 in D then we know from the lemma above
that ug x¢; — 0 in €. However, the convergence must be in a fixed compact set, which is supplied by the proposition
above the lemma above.

Function 3: D — & sending x +— uy * x. This is continuous by the lemma above.

Function 4: Evaluation at 0. Let E' : E(R™) — C be given by E(f) = f(0). Since F is linear, it suffices to prove continuity
at 0: given € > 0, choose N € N such that 0 € K and N > e~ !. Then for any f € Vu,

B = 170)] < pwf) < 5 <<

Thus Viy € E~1(B.(0)), so E is continuous at 0, and hence continuous everywhere on &(R™).

We must show that wx ¢ = uy * (ug x ¢) for all ¢ € D(R™). Using the definition of convolutions we evaluate

(wx ¢)(z) = wlrz 9]

Substituting the definition of w, this becomes:

(wx @) (@) = (ur % (uz * (12¢)))(0)

For any y € R™, the inner term simplifies algebraically:

(T2®)(y) = Tad(—y) = ¢ (x +y) = T—20 ()
Thus, (T;(;B) = 7_,¢, yielding:
(w*¢)(x) = (ur * (ug x 7—2¢))(0)

For any T' € D*(R™) and ¢ € D(R"): §
(T'*7-29)(y) = Tlry(7-21))]

We will now change to the sensible convention but only for the remainder of this proof. 7,¢ (z) = ¢ (y — 2) and 7,¢ (z) =
¢ (—y — ) from now on but only until the end of this proof.
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Expanding the argument of 7"

(T—®)(2) = (T=0¥) (=2) = (=2 + &) = P(z — x) = 7(2)
This implies 7, (T—z1)) = 7o) = To1ytb. Therefore:

(T *7—2¥)(y) = Tlreryd] = (T ¥) (@ +y) = 7o (T * ) (y)

This confirms the identity T x 7_;% = 7_,(T x ¢). Applying this relation first to T' = ug and ¢ = ¢, we get ug * T_,¢p =
T_o(uz x ¢). Because us x ¢ € D(R™), we can apply the identity again to T' = u; and ¢ = ug x ¢:

up * (U * T—g) = up * Tz (Ug x @) = 7—z (u1 * (ug * @))

Evaluating this at 0:
(W @) (x) = T (u1 * (uz x 9))(0) = (u1 * (uz x ))(x)

We conclude that wx ¢ = uy * (ug x @) for all ¢ € D(R™). The distribution therefore exists and is therefore unique by a
few propositions ago.

Proposition. Suppose that uy,us € D* (R™) are distributions and that us has compact support. Then
D (uy * ug) = up x D%us = D%uy * ug
Proof. Consider the convolution of D® (uy x ug) with an arbitrary test function, then a previous proposition lets us shuffle
the derivatives around, so we have
D (ug xug) x ¢ = (u1 * ug) * D% = uy * (ug * D¥@) = uy * (D%uz * @) = (u1 * D%us) * ¢
This establishes the first equality. For the second equality note
(ur * D%ug) * ¢ = ug * D% (ug x ¢) = D%y % (ug x ¢) = (D%uq % ug) * ¢
Then done since ¢ was an arbitrary test function.

O

Lemma. Let ¢ () be infinitely differentiable. Then for all k, ¢ (x) can be written as Z?;& WIJH + z¥x (x) where
X () is infinitely differentiable.

Proof. Taylor’s theorem with the integral form of the remainder gives:

Rl p0) A
o(x) = ¢ Jj|(0) @’ + Ry(x)
=0
where the remainder Ry(x) is:
Rie) = o [ o= 0F e 0a

Define:
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Since ¢ € C*=(R), the integrand (s, z) — (1 — s)*~1¢*) (sx) is smooth on [0, 1] x [z — 1,z + 1] for each fixed = value. By
differentiation under the integral sign, x(z) is infinitely differentiable on R, with:

1 1
™ (z) = I / s™(1 — s)F 1™ (s2) ds for all m > 0
“Jo

(k-1

This yields the desired decomposition with y € C*°.

In the following proposition, xu denotes multiplying the distribution u by the smooth function x.

Proposition. Let u € D* (R) and suppose that z¥u = 0 for k € N. Then u = Zf;é ¢; D768y for some complex constants
Cj.

Proof. By the definition of multiplication by a smooth function in D*(R), z¥u = 0 means that for all test functions
¢ € D(R):

(@*u)[¢] = ulz*¢] = 0
Fix a cut-off function ¢ € D(R) such that ¢ (z) = 1 in a neighbourhood of 0. Using Taylor’s theorem, any¢ € D(R) can
be expanded around x = 0 to order k£ — 1:

ey
o0) = | 3 552t | vi) + o)

J=0

This works with y smooth by the lemma above. After multiplying the Taylor polynomial by the smooth function ¢, there
is still a x that works since that multiplication only affects things away from 0.

Applying the distribution u to ¢ and using linearity gives:

k=1 (5 .
e = u |3 et vta) + b
k=1 () ,
ulg] =32 j,“’)u[xw] T ulety
=0

By our initial hypothesis, u[z*x] = (z*u)[x] = 0. The evaluation u[z71] is simply some complex constant for each j. We

are left with:

Recall that the j-th distributional derivative of the Dirac delta acts as 6éj ) [¢] = (—=1)7¢1)(0). Substituting this in, we can
rewrite the summation:

k—1
uld] = 3 ;65" [4]

where ¢; = LM € C.Since this holds for all ¢ € D(R), the most general distribution satisfying z¥u = 0 is a linear
combination of the Dirac delta and its first £ — 1 derivatives:

k—1
u = Z cjé(()])
j=0

O

Definition. Given a linear Partial Differential Operator with constant coefficients L := Zla\< koD, we say a distri-
bution G (often called a Green’s function) is a fundamental solution of the partial differential operator if it satisfies the
distributional equation LG = dy.
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Lemma. Let u € D* (R"™) be a distribution with compact support. Then dp x u = w.

Proof. Let ¢ € D(R™) be an arbitrary test function. By the convolution definition for a distribution and a test function,
we evaluate g x ¢ at a point x € R™:

(0 *¥) () = do[Tat)]

By the definition of the Dirac delta, evaluating &y on the test function 7,1 simply returns the value of that test function
at 0:

(60 * ) () = (724)(0)
Using the identity 7,4 (y) = ¥(z — y) evaluated at y = 0:
(2)(0) = ¥(z — 0) = ¥ ()

Thus, (dp * ¥)(z) = ¥(z) for all z, meaning §y * ¢ = 1. This makes intuitive sense, as if ¢. is a thin tall mollifier as
defined earlier and we convolve f with this we have seen that we get an approximation to f, and the dirac delta, crudely
speaking, can be intuitively thought of as lim._,¢ ¢..

Now we let u; = dp and us = u. Since u has compact support, convolution is valid. For any test function ¢ € D(R™), the
defining property gives:
(50*u)*¢:(50*(u*¢)

By properties of convolutions proved earlier, since v and ¢ both have compact support, the resulting convolution ¢ = ux¢
also has compact support, meaning u x ¢ € D(R").

Therefore, we can substitute 1 = u x ¢ into the result from earlier:
do*x(ux@p) =ux¢

Which leaves us with:
(borxu)*xdp=ux*d
Since we have shown that (dp x u) * ¢ = u * ¢ holds for all ¢ € D(R™), it immediately follows that:

do*uU=1u

O

Proposition. Suppose that G € D* (R") is a fundamental solution of L and let ug € D* (R™) be a distribution with
compact support. Then the distribution u := G * ug solves the distributional equation

E aaD%u = ug

lo| <k

Proof. Linearity and differentiability properties of the convolution imply that
L(Gxug) = Z oD (G *up) = Z Ao (DG * ug) = Z ao DG | xug = (LG) * ug
ler| <k o] <k lee| <k
Now by definition of the fundamental solution we have LG = §g so we have
L(G*UQ) = (LG)*UQ = 50*U0

Then the previous lemma implies the result.
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Therefore, loosely speaking, we can think of G as a sort of inverse to the operator L.

We now revisit the Laplace/Poisson equation from Vector calculus for the case of f € C? (R3) and w € C? (R3). A lot
of this will be similar to what we did in Vector calculus. We want to consider the problem of V2w = f where V? is the
differential operator defined by

Theorem. The Laplacian is rotation invariant.

Proof. Work in R"™.

Let R € O(n ) be an orthogonal matrix representing a rotation. For the Laplacian, let y = Rz so that y; = R;;x;. By the
chain rule, ar =3 j Rjiaiy. Applying this twice gives:
J

82
:;@f(}{x ZZRﬂR,ﬂ8 o

Since RRT = I, we have >; RjiRii = ;. Substituting this yields:

02
=iy = 3 gy = (BEe)
7.k

Thus, V2 commutes with rotations and is rotationally invariant.

O

Based on this fact, we guess that we can write G = T, for a function g that we will assume is smooth and radial and
defined for r # 0.

Now if this is the case, g satisfies the Laplace equation away from 0. Since 87" = 7%, the chain rule gives:

dg 1T
ox; _g(T)r

Differentiating a second time:

829 0 1oy Li " xzz ’ 1 xzz
o = YOT) =IO 0 (-
Summing over i = 1,2, 3, noting that Z?Zl r? = r? and Zg’zl 1=3:

r2

V=05 +a0) (2= 5) =0+ 20)

r 3

Multiplying the expression by 7:

By the product rule:

6%22(7“9(7")) 2 (rd' (1) +9(r)) = rg"(r) + '(r) + ¢'(r) = rg"(r) +2¢'(r)
Therefore: L
Vig = ——5(r9)
For r > 0, V2g = 0 is equivalent to: ,
jz(rg) 0

Thus, g = é + B.
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Since a constant satisfies the laplace equation we may assume B = 0. Since an easy bounding argument shows that
ge L, (R?’) it defines a distribution. We want to prove that for a suitable choice of A, G = T}, satisfies V2G = §,. We
calculate
VL, (0) =T, (V20) = [ 9(@) Vo (a) ds
R

1

By the dominated convergence theorem (since g is in L;, .

to contain supp (¢) that

and ¢ has compact support) we have, for R > 0 large enough

= lim g(z) V3¢ (v) dz
€20/ BR(0)\B-(0)

By the Green’s second identity (from Vector calculus) we have

ol dg
V2 (z) — ¢ (x) Vg (x) do = { } dA
/BR<0>\BE<0>Q(I) P oVl dr /a(BRm)\BE(o)) Ton ~ o

Since V?2g is 0 away from the origin and ¢ = 0 in a neighbourhood of dBg (0) we have

Jg 0¢
9(0) V6 () di = | [¢—g
/BR<0>\BE<0> a(B.(0)) L On " On

The sign change is because we are now working on the inner boundary. Now we estimate

J as

A A
S 9() % (y)‘ = S I?l g% (y)‘ < U;ﬁ@ V29|
Therefore
/ g%dA < dme? x 4] sup |[V?¢| =Ce =0
a(B-(0) O € yers
For the qﬁ% term note that on 9 (B, (0)) we have % = % so that for any y € B, (0) we have
¢ (y) % (y) = _?;4 (y)

We therefore have

6 dA = (—4rA) x / 6 () dA (y
/8(35(0)) on ( ) Surface Area (0B (0)) 8(B.(0)) () (y)

For any § > 0 since ¢ is continuous there exists € > 0 such that |¢ (y) — ¢ (0)| < J for all y € B, (0). We estimate

1
Surface Area (0B: (0)) /B(Bg(o)) ¢ (y)dA (y) — ¢ (0)

1
< Surface Area (0B (0)) /O(BE(O)) |6 (y) — ¢ (0)| dA (y)

)
1dA (y) =6
< Surface Area (0Bc (0)) /6(35(0)) W)

Therefore 1

gg% Surface Area (835 (0)) /EJ(BE(O)) ¢ (y) d4 (y) - ¢ (O)

Putting this all together gives
ATy [¢] = (—4mA) x ¢ (0) = —4mwA (o [9])

Therefore we have V2T, = §; if A = —ﬁ so this is our fundamental solution. Therefore, if f € C? (R3) then a solution
is given by u =Ty« T7.

Proposition. For f € CO (R") and g € L}, (R™)we have Ty,, = Ty * T},

loc
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Proof. Since f has compact support, the distribution 7 also has compact support. Therefore, the convolution of 7, and
Ty is well-defined. The convolution T, x T is the unique distribution satisfying (T, x T¢) x ¢ = Ty » (T * ¢) for all test
functions ¢ € D(R™). For any distribution w, its action on a test function ¢ can be recovered by evaluating the convolution
at the origin: u[yy] = (u*1)(0). Applying this identity to T, + Ty with the test function ¢ yields

(Ty * Tp)[¢] = (Ty + Ty) % 9)(0) = (Ty » (Tf % $))(0) = T[Ty » 9]

By the definition of the convolution of a distribution and a test function, we have

(Ty % §)(x) = Ty[rod] = Ty[rs]

Evaluating T [7,¢] gives [p. f(y)d(y — x)dy. Applying the spatial inversion operator h(z) = h(—x) to this result yields

Tyx0la) = [ )0t +u)dy

Evaluating the action of T, on this new test function gives

11«8 = [ o) ([ st + i) i

R"L
Because f has compact support and ¢ € D(R™), the variables y € supp f and x 4+ y € supp ¢ are restricted to bounded
sets, which forces = to be bounded as well. Given g € L}, .(R™) (which accommodates the singularity at 0), the function

g9(z) f(y)d(x+y) is absolutely integrable over R™ x R™.This permits the use of Fubini’s theorem to interchange the order of
integration, resulting in [, f(y) (fzn 9(x)é(x + y)dz) dy. Substituting z = z 4 y (so dz = dz) transforms the expression

into /n () (/ g(z — y)qi)(z)dz) dy
/n (/ 9z = y)f(y)dy> o(2)dz

The inner integral is exactly the convolution (g % f)(z).Substituting this back leaves [, (g * f)(2)$(z)dz, which is the
definition of T, ¢[¢]. Since ¢ € D(R™) was arbitrary, Ty Tf = Ty ¢.

Rearranging the terms gives

O

Given this, if f € C? (R3) then by properties of convolutions from earlier, we know g * f is smooth and that w = g * f is
a solution of the classical equation. Thus, the solution we seek is

_ -1 f(y)
wie) = g /R3 \x—yIdy

This is a solution for general f € C? (R®) however we don’t know that it is the general solution.

3.6 The dual space of £ (Q2)

Consider the dual space of £ (£2), denoted £* (2), the set of continuous linear maps € (2) — C with the convergence is
with respect to the topology of £ () which is a metric topology.

For a linear map u : £ (2) — C to belong to £* () it is enough that for every sequence ¢; C £ (Q) that tends to 0 we
have u[¢;] — 0.

Note that D is a subspace of £ with the property that if a sequence tends to 0 in D () it tends to 0 in & (2). Thus,
E* (1) C D* () once we restrict elements of £* to their action on compactly supported functions. To see that the direction
is correct, convergence in £ () is a weaker condition so u of more sequences have to tend to 0 so being in £* becomes a

stronger condition.

Therefore, everything in the space £* (Q2) is a distribution when we restrict its action to stuff with compact support.
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Proposition. Let u : £(2) — C be a linear map. Then w is continuous if and only if there is some compact K C (2,
N € Ny and C > 0 such that

lulp]] <C  sup |DY¢p(x)| for all ¢ € £(N)
zeK,|a|<N

Proof. First, assume the formula is true. Pick a sequence ¢; C € (€) which converges to 0 in € (), then we want
to show that u(¢;) — 0. But because it converges to 0 we have that for all @ and any compact K’ C Q we have
SUD, ek |a|<n | D%®j ()] — 0 so therefore |u[¢;]| — 0 as it satisfies the inequality above. Therefore, u is continuous.

To show the opposite implication we will assume the formula is not true for any K, N,C. Let K;, Ko, ... be an exhaustion
of 2. We will prove not-continuity by constructing a clever sequence.

If the formula does not hold for K = K;, N = j,C = j for any j, then for every j there exists ¢; € £ (Q) such that

lulgs]l >3 sup  [D%¢;(z)]
zeKj,|a|<j

Define 9, (z) = ‘u[é) ])‘ then ¢; € £ (). It remains to check that ¢; — 0 in £ (2) as then we will be done since |u [¢;]| =1

for all j by construction.

Fix a compact K C  and a multi-index a. For sufficiently large j, K C K; and j > |«|. Thus:

sup |[D%p; (z)] <  sup ‘Dﬁ(bj )‘
zeK z€K;,|B|<)

Therefore we have

sup,cg |D%¢; ()] 1
sup |D“ sup |D“ Sz
IEP |DY; ()] = | [¢]] IEE| 05 (@)] < JSUPek;,|61<j D¢ ()] ~ j

Therefore, D“1; tends to 0 on K so done since a and K were arbitrary.

Example. For f € C? () define T} in the usual way. Then T € £* (Q) because
yfel < [ 1 @l sw (6(0)
Q yEsupp f

Example. If z € Q then §, € £* () because if K is any compact set containing x then

|02 [¢]| < sup |¢ (y)|
yeK

Example. The map u : D (R) — C defined by

> ¢(m)

m=—0oo

is a distribution (check the continuity bound thingy) but it is not a distribution in £* (R) because the infinite sum does
not converge for general elements of £, such as the constant function 1.

We note that in all 3 examples, the distributions are in £* if and only if they have compact support. Of course, only 3
examples doesn’t really mean anything, but we have the following theorem in this case (which we will state and prove
after the following 3 lemmas).

Theorem. (Generalized Leibniz rule)Let o = (a, ..., aq) be a multi-index, and let f,g: R? — C (or R) be sufficiently
smooth functions (Specifically, have continuous |a|-th partials). Then

D(fg) = (%) (D) (D7)
> (5)

where 8 < a means 3; < «; for all 1 < i < d, and the multi-index binomial coefficient is defined as the product of the
standard 1D coefficients:



Proof. Because partial derivatives commute for smooth functions, the d-dimensional rule is just the 1-dimensional Leibniz
rule applied iteratively and independently across each of the d coordinates.

Lemma. Let ¢; be a sequence in £ () such that ¢; — ¢ in £ () and x € D (). Then x¢; = x¢ in D ()

Proof. A sequence converging in D(2) must have its support contained within a single compact set K C Q. Since
x € D(Q), it inherently has compact support, which we can define as K, and the support of x¢; is contained in K for all

Ve

To check uniform convergence of derivatives, we use the Leibniz rule,

D(x(¢; — 6)) = ) D88 (g, — ¢)
> (3)

Because yx is smooth, its derivatives are continuous and bounded on the compact set K. We can bound this by a constant
Mg = supg |D*Px|. Convergence in () requires that for any compact set (including K) and any multi-index 3,
sup,cx | DP(¢; — )| — 0 as j — oo. Applying the triangle inequality yields:

sup [D%(x¢;j — x4)| < > (g) Mp sup |DP(¢; — )]

BLa

This is a finite sum of terms that each tend to 0 as j — o0, so the entire expression tends to 0. Both conditions for
convergence in D are met, completing the proof.

Lemma. Let ¢ € £ (), then there exists a sequence ¢; C D () such that ¢; — ¢ in € ()

Proof. Let K be a compact set and K,, an exhaustion of €2, then K € K for j large enough. This means that, hypothet-
ically, if ¢; were to equal 1 on Kj, that would be good news, as the derivatives would certainly converge uniformly on
K as they would eventually be constant. Well the good news is that this is not a hypothetical: Recall that there exists a
function that is 1 on an open set around K; but has compact support contained in €2 for each j by something we proved
earlier. Call this function R;, then ¢; := R;1 gets the job done.

Here’s the promised theorem about distributions in £* and distributions of compact support.

Theorem. Let u be a distribution and suppose u € £* (2), then u has compact support. Also, if w € D* () has compact
support then there exists a unique v’ € £* (2) such that v’ [¢] = u[¢] for all ¢ € D (2). We say v’ is the extension of u
as a linear map on & ()

Proof. Suppose u € £* (). Then we have already argued that u € D* () after restriction, and it remains to show that
supp u is compact. By the criterion for continuity in £* there exists some compact set K C 2, N € N and C' > 0 such
that
lulp]] <C  sup |DY¢p(x)| for all ¢ € £(N)
zeK,|a|<N
Now suppose that supp ¢ C Q \ K. From the estimate above we have that u[¢] = 0 so supp u C K (by definition of
support of a distribution for it is 0 on all functions supported on a set outside K') so we must have that supp u is compact.

Now suppose that v € D* (2) has compact support. Then we know there exists x € C2° () such that x = 1 on supp u.

For ¢ € £ () we define
' [¢] = u [xg]
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Then u [x¢] makes sense since x¢ has compact support. If ¢; — 0 in £ () then x¢; — 0 in D (Q) by a lemma above.
Thus, u’ € £* () since u is continuous. Also note that if ¢ € D (Q) then x¢ — ¢ has support in Q \ supp u. Therefore,

0=ulx¢— ¢l =u[p] —ulg]

Therefore, v’ and u agree on D () so it remains to show that u' is unique.

Suppose that v' € £* () satisfies v’ [¢] = v/ [¢] for all ¢ € D (Q). Let ¢ € £ () be arbitrary. Then by the lemma above
we can find ¢; € D (Q) such that ¢; — 1 in € (). Thus, by continuity of v’ and v" we have
u' [Y] = lim o [¢;] = lim o' [¢;] = o' [¢]
j—o0

Jj—o0

Thus v/ = v’ since 1) was arbitrary.

3.7 Tempered distributions

The space of Tempered distributions is the continuous dual of S, the Schwartz space of rapidly decreasing functions. As
a reminder, ¢ € S if ¢ € C>° (R™) and for any multi-index o and any N € N we have

sup ’(1 + )N D"“gb(m)‘ < 00
TeR™

and a sequence ¢; C S tends to 0 if for all N € N and multi-indices o we have

sup |(1+[al)" D; ()| 0
TER™

Since the topology of S is induced by a countable separating family of seminorms, it can be induced by a metric.
Thus, continuity is equivalent to sequential continuity. For a linear map v : S — C to belong to S* it is enough that
lim;_,o u [¢;] — O for every sequence ¢; that tends to 0 in S.

These are a subclass of distributions that contain all distributions from the above section and lie strictly between the 2
sets, after we restrict them to functions with compact support. This is because of the earlier assertion that convergence
in D is stronger than convergence in & which is in turn stronger than convergence in D.

Proposition. Suppose that v : & — C is a linear map. Then u is continuous if and only if there exist N,k € Ny and
C' > 0 such that
wlg]] <C  sup (14 |z))N DY (x)| for all ¢ € S

z€R”,|a|<k

Proof. The fact that continuity implies the formula happens with the same proof as in the analogous theorem above. So,
we have to prove that the formula implies continuity.

Because the topology of the Schwartz space S is induced by a metric, sequential continuity is equivalent to continuity.
Therefore, it is sufficient to prove that lim; . u[¢;] = 0 for any sequence {¢;}32, C S that converges to zero in S.

Suppose there exist N,k € N and C > 0 such that [u[¢]| < Csup,cgnjaj<i [(1 + [2])V D*¢(z)| holds for all ¢ € S. Let
{9, };’;1 be an arbitrary sequence in S such that ¢; — 0 in S. By the definition of convergence, for ¢; — 0 in S, it is
required that for every multi-index 3 and every M € N, the sequence satisfies sup,cgn (14 |2|)M DP¢;(z)| — 0 as j — oo.
Since the limit holds for all M and f, it certainly holds for our specific N and all specific multi-indices o where |a| < k.
Because the condition |a| < k restricts us to a finite number of multi-indices, the maximum of these limits over this finite
set also converges to zero. Therefore, sup,cgn.jo|<x [(1 4 [2))N D*¢;(2)| — 0 as j — co. Applying the initial assumption
to our sequence gives:
0< gl €C sup  |(1+ )N Do0;(a)
z€R™;|a|<k

As j — oo, the right-hand side of the inequality approaches 0. Therefore, lim;_, |u[¢;]| = 0. Since sequential continuity
implies continuity for this topology, the linear map wu is continuous.

O
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Example. Suppose f € L} _(R") and that there exist C' > 0 and N € N such that

loc

If (@) < C @+
Then Ty € S*

The reason this is the case is because for any ¢ € S the functional Ty acts by T [¢] = fR" f (z) ¢ (z) dz. Using the growth
condition on f, we have

il <C [ (s la)™ ool da

For any integer M > 0 the quantity (1+ |z|)™ |¢ (2)| has a supremum. Set M = N + n + 1 (where n is the spatial
dimension) and rewrite the bound as

Ty [¢]] < C sup |(1+ IyI)N+”“¢(y)\/ (1 + J2) "D do
yeR™ Rn
The integral is a finite constant that we will call I. Therefore 1 satisfies the bound so it is a tempered distribution.

Example. The map defined by ¢ — [, e'“"zqﬁ (z) dx does not define a tempered distribution. This is because if we try
to apply it to the function e~1el” the integral does not converge.

Example. For ¢ € S (R) the map u[¢] = >~ m~ ¢ (m) defines a tempered distribution.

m=—0oo

The reason this is true is because since ¢ is rapidly decreasing, if we set M > N + 2 and set this as the exponent in the
N
rapidly decreasing definition, the sum converges. Consequently, if the convergent sum W converges to K, then

lulg]| < K sup, |(1+ |z|)V 2 ¢ (#)| which means continuity has been confirmed so we have a tempered distribution.

To summarize: D* is all distributions, &* is those that don’t grow too fast and £* is those with compact support.

4 Fourier analysis

4.1 Properties of the Fourier transform in L! and L?

Note that in this section the domain is R™ and not C™ so although we will be working with complex-valued functions,
differentiable does not imply Holomorphic here. However, we will soon recall a little bit of complex analysis to help us
calculate integrals.

Recall from Probability and measure: If f € L' (R") define its Fourier transform as f= Jgn [ () e_i(f'f)dx

Example. If f = 1(_; 1) then

~ 1 . —izg ]! in
f(§)=/1e‘”5d:c= [e_l{} P 5('5)
- -1

Example. Suppose f € L' (R) is defined by f(x) = e~|#l. Then we calculate
0 o0 z(1-i€)1° o(~1-i€) 7>
~ . . e e
f g _ / em(l—zf)d:r + / ew(—l—zf)dx — |: : :| + |: : :|
( ) — 00 0 1-— Z§ — 0 -1 - Zg 0

1 N 12
S 1—i¢ 1+iE 1+&2

Example. Let g € L' (R) be given by
1

A

2Yes I know this is a different convention from my probability and measure convention. Blame my reference texts as mathematicians can’t
seem to agree on the correct convention. You're gonna have to deal with it. There are several conventions of the Fourier transform used across
various areas of maths and unfortunately I don’t make the rules.
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We will do this using a complex contour integral. Let v be the straight path from —R to R, then

Then we have ”
6712
a = 1. d
g(f) Rl—{noo YR 1+22 i
We can close the contour using a semicircle in the lower half plane. Recall a lemma we proved in the Complex Analysis
course (which is called Jordan’s lemma) says that if f is holomorphic on |z| > r and zf (z) is bounded for large |z| then

for all A > 0 we have that fm f(2)ei4%dz — 0 as R — oo where 7g is the semicircular contour of radius R.

Moral of the story is if £ > 0 then limpg_, o f . 1+z2 sdz is equal to the contribution from the pole at —i whenever R > 1.

Jordan’s lemma applies as although the exponent is negative, the contour is upside down, and these effects cancel out.

€

The residue at the pole is :;Z by a lemma from complex analysis, we multiply by 27i and flip the sign since the contour

is clockwise to get that the integral is me™¢.
If £ < 0 then by a similar argument using an upper semicircle instead we get that the integral is mef.

In conclusion, we have § (¢) = me~I¢.

Now consider the Gaussian f (z) = e~ 217" T did the same calculation in the probability and measure course, so I won'’t
go through the details. However, what we end up with after a Contour integration trick is that if n is the dimension of
the space then

f&) =(m* e il
Note that these functions are all continuous (We know that Fourier transforms in L! are continuous, proved in P+M)
with sup ‘ f )‘ < [[fll;- In all cases, we saw that the functions decayed fast. There is something more general we can say,

in effect we know that if we multiply a function by faster and faster oscillations, these cancel more and more and so the
resulting integral tends to 0. The precise statement is the Riemann-Lebesgue theorem that we will prove shortly. Recall
that in Linear analysis we proved that Fourier series of 2m-periodic locally integrable functions converge on a 27 interval
converge at all points of differentiability conditional on this theorem, well here is where we actually prove it to close that
gap. As you will see, the proof isn’t difficult once you have the divergence theorem.

Theorem. (Riemann-Lebesgue Lemma) let f € L' (R™). Then f (€) — 0 as |¢] = oo .

Proof. Note first that continuous functions with compact support are dense in L'. Since they can be approximated by
smooth functions with compact support by convolving with ¢., we conclude that C2° is dense in L'. Specifically, for all
€ > 0 there is a smooth function with compact support such that

If = foll, < £

Now we have

fe &= fe (z) e @E gy = fe (2) V. < § 2€ix.§> de
© r il

= /n V. (fE (z) _ﬁng e i 5) dx — . Df. (z). (—%ﬁﬂ i 5) dx

OfF;

This line happens because V.fF =

1895 = FVf+ fV.F where f = f. and F = If‘2e_”'5. The left

integral vanishes by the divergence theorem by restrlctlng the integral to a large enough box since f. has compact support.
Thus, we have

o é —ix.§
/Rn — |€|2.Df6 (x)e dx

The Cauchy-Schwarz inequality implies

AGIE

5 —iz.£
.Df. dx
/R” €7 o (z)e

1
€ de = €
< [ FIPr@ld = IDs @I,
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From this we conclude that there exists R > 0 such that if |¢| > R we have

fe (5)’ < 5. For || > R we calculate

JIGEFAG]E

HGIE AGIEN RS AN

fe (é)‘ +

So done.

O

Proposition. Suppose f € L' (R"), z € R", A > 0 and f, (y) = A\ "f ()Fly). Then f (&) = f(XE). Also, define
ey (¢) = €'@™). Then e, f (€) = Tof (§) and Tof (€) = e (€) £ (€).

Proof. Calculate, using the substitution 2 = A~'z and the change of variables formula where the determinant is A"

he= [ nwesan= [ pieeatan= [ et =0

R R

Next, calculate
O = [ o) iy = [ e © N0y =T f @

Next, calculate, using substitution z = y — =z,

TH© = [ @ fy=—aydy= [ D @as = [ S Gz e @ F©)

O
Theorem. Suppose f,g € L' (R™). Then fxg € L' (R") and f/;<\g €)= f(©)g(&).
Proof. To prove f g € L' (R™) we calculate
rro@l=|[ rwat-nal< [ el
Rn R"
Therefore (Fubini allowed because non-negative)
ireah< [ ([ 1rwae-la)ae= [ 1rwi([ loe-ld)a
= [ 15 @ gl ds = 151, Nl < oc
Now we calculate the Fourier transform:
T _ —i€w g, ( — ) d ) —ié.@ .
Fea©= [ frawean= [ ([ f@oe—ya)e
[ s ([ se-neeaw)a= [ roTa©@a= [ rwa©ety=i©ie
O

Lemma. Yet another one of these approximation results. Suppose f € C'(R") and that f,D,f € L'(R") for all
j=1,2,..,n. Then there exists f. € C§ (R") such that ||f — f||; <e and |D;f — D;f.||, <e

Proof. Let ¢ € C2°(R™) be a standard bump function where ¢(z) =1 for |z| <1 and ¢(z) = 0 for |z| > 2.

Define ¢r(z) = ¢(x/R), and let fr(x) = f(x)pr(z). Because f € C! and ¢ € C°, we immediately have fr € C}(R™).
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To show this converges to f in the required norms as R — oo:For the function: f — fr = f(1 — ¢gr). Since ¢pp — 1
pointwise and is bounded, |f(1 — ¢r)| < |f| € L'. By the Dominated Convergence Theorem, |f — fg|;,1 — 0. For the
derivative: Using the product rule, D;fr = (D, f)¢r + f(Djér). The first term (D;f)pr converges to D;f in L' by
DCT, exactly as above. For the second term, the chain rule gives Dj¢r(z) = £(D;¢)(x/R). If we let C = sup|D;¢|,
then |D;¢r(x)| < C/R. Furthermore, D;¢g is only non-zero on the annulus R < |z| < 2R. Bounding the L' norm yields:

(Do)l < & f @) do

R<|z|<2R

Since f € L', the tail integral fx\>R |f(z)|dz already goes to zero as R — oo. The extra 1/R factor forces this term to

zero even faster. Therefore, you just pick R sufficiently large such that both L' differences are bounded by ¢.

O

Proposition. Suppose f € C! (R") and that f, D, f € L' (R") for all j = 1,2,...,n. Then Ej\f &) = igjf(g) where &; is
the j’th coordinate of the vector &.

Proof. The principle here: Approximate it and then unapproximate it. In fact you probably will notice this has been the
principle a lot in this document.

Let f. be as in the previous lemma. Then integrating by parts and using Fubini’s theorem (allowed by continuity +
compact support of everything) gives

Dif. (&) = / (D;f- (x)) e %de = — [ f.(x) D, (e76%) dw = i, /R (@) e~ gy

n R’Il
This implies that 17]75 (&) = 1i¢; f= (€). Next we calculate, using the inequality property of the Fourier transform
D37 (&) —i&if (©)] = |Di (©) = Difi (€) + & - (€) — i (&)
=ID;f (&) = Dife Ol + &1 = felly <e (T +€])
Therefore it equals 0 for each £ as € was arbitrary.

O

Proposition. Suppose (1+ |z|) f € L' (R"). Then f € C' (R") and D;f (€) = —i;;? (€). Note that z; here is the
function sending x to its j’th coordinate.

Proof. From the condition on f we have z;f € L' so fi:v/]Tf is continuous. It suffices to prove then that for any sequence
hr — 0 as kK — oo we have

AP FE) = —ia;f (€)
To prove this we calculate
R 1 . “ . e_imjhk _ 1
Ahk = — 2 ) — — —’I,fL'..f D ————
11O = (Pt ey - 1©) = [ fwes () w
For x € R™ we have, by properties of the derivative,

72’I]‘ hk

f (@) e < . 1)—>—i$jf($)e””'5
k

as k — oo. Noting that |ei9 — 1‘ < @ for real 8 we have

67imjhk _ 1

‘f(x) emin (m)‘ <l (@)
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The right hand side is integrable so the dominated convergence theorem implies
Jim A () = / =iy f (@) e e = —iz; f ()

This implies f € C' (R") and D, f (¢) = fix/]? (€) as required.

Theorem. The Fourier transform is a continuous linear map from S — S

Also, in the proof of this theorem we will see that there is a link between smoothness of the function in the real variable
and fast decay of the function in the Fourier variable, as well as a link between fast decay of the function in the real
variable and smoothness in the Fourier variable.

Proof. Step 1. We will prove that if f € C* (R") and D*f € L' (R") for |a| < k then there is a constant Cj > 0
depending only on k such that

sup [(1+1¢)* F(©) < > 1D sy

LeR® lal<k

Define £ =[] &;"". Then for any k there is a constant Cj, (which is possible to find by expanding the brackets) such that
for all £ € R™ we have

1+l < Y ler

lo| <k
Then repeatedly applying the proposition 2 before this one we know that
i*lg*f () = DoF (€)

We therefore have

a+leh*|f @ <a Y

e si0|-6 3 576

‘(¥|<k la| <k

Taking the supremum over £ € R™ and using the f (¢) < || f]l; principle we have

(L+1E)* F©] < e Y 1D° sl

la|<k

sup
EER™

as required.

Step 2. We will prove that if (1 + |z|)* f € L' (R") then f € C* (R™) and for any |a| < k we have

sup [ D2 ()] < [+ 12)* 7|

§ER™
By iterating the previous proposition we have D; f (€) = ( —i)lal x/a? (€). Taking the supremum of this over absolute value

we have

sup
£eRn

Def ()] < e sl < [+ fa)*

The last inequality is because 1 + |z| is greater than all coordinates of x and so raised to the power of k it is greater than
the result of taking x to the power of a multi-index with size < k.

Step 3. We will use steps 1 and 2 to prove the theorem.

Note that if sup,cpn (1 + 1z)™ |f ()| < K and N > n then

1
= [ r@lar<x [ —cdr <o
1 Rn R (1+ ‘$|)N
Therefore if f € S then there exists a constant C, (: fR" de) such that for all M € N and multi-indices o we

have
@+ laD™ D

‘ <C, xsgﬂg ((1 + |90|)M+nJrl |\D* f (l’)|>
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Let g(x) = (—i)!Plzf f(x). By Step 2, §(¢) = Dﬁf(g). Applying step 1 to g yields:

;55<1+|s\>N|Dﬁf<s>| <Cn Y D",

la|<N

If || < M, applying the Leibniz rule expands D*(z? f) into a linear combination of terms bounded by a constant times
(1 + |z))M| D7 f(z)|, where |y| < |a| < N. Applying the L' bound from the previous line to each of these terms produces
the following bound, absorbing the combinatorial constants from the Leibniz rule into Cx as -

sup (1+ 6DV ID7 F(&)] < Cnvarn sup |1+ [2)™ D7
ceRn lal<N 1

M n «
<CNyn SUD ((1 4 [a])MHnH | D f (x)|>
z€R™,|a|<N

Thus, f € 8. Moreover, if f; is a sequence in § with f; — 0in S then fj — 0 in S so the Fourier transform is continuous.

O

Note that it is not true that the Fourier transform maps D (R™) to itself. The disproof of this in the case of R is implied
by the following theorem, since if a real analytic function vanishes on an open set it must vanish everywhere (see Complex
analysis).

Theorem. If a function is continuous with compact support on R then its Fourier transform is real analytic.

I include this because prior work on probability on this website actually gives a very elegant way to prove this.

Proof. If the function is 0, its Fourier transform is 0, so this is the trivial case. Otherwise, split it into positive and negative
parts and use linearity to prove it for each. For the remainder of this proof assume the function has only one sign.

If you rescale the function such that it integrates to 1, you get a valid probability density function of a bounded random
variable. Therefore, its Fourier transform will be its characteristic function. This is known to be analytic if the variable
has a valid moment generating function on any interval around 0, see my IA probability notes. Since the random variable
is bounded in absolute value, say by M, all of its k-th moments are bounded by MF¥, so the resulting power series you get
from the moment generating function has non-zero radius of convergence.

O

Now, the Fourier inversion formula under this convention says that if f € L' (R") and ferL! (R™) then for almost every

x we have )
T) = —— F(€) e ™44,
@) = g [ F@esae
To see this, note that the P+M convention for f is gotten by replacing £ with —¢ in which case we recover the inversion
formula we proved in that course and the value of the integral stays the same since the integral of g (£) equals the integral
of g (&) over R™ for every integrable function g.

Since the map f(x) — ﬁ Jan f(€) e*4d¢ is continuous, we have that if f is additionally assumed to be continuous

then we can upgrade a.e. convergence to convergence everywhere. Also, if f € L' (R") and felLl (R™) then f must
be almost everywhere equal to a continuous function. Also, if F is the fourier transform, then we have 72 = (27)" f.
If f € S this is very good news as all the conditions are satisfied so that now F : § — § is a continuous bijection with

continuous inverse.

Example. Consider the differential equation —¢” + ¢ = f and suppose f € S. Assuming that ¢ is C? and taking the
Fourier transform of the equation using properties above gives — ((z§)2g§(§)) + q@(ﬁ) = f (€). Rearranging gives the

equation g?)({) = 52(-45-)1' Since the Fourier transform is a bijection on S there is a unique ¢ € S solving this equation.

Now, let G (z) = %e"w‘. Very conveniently, we actually computed the Fourier transform of this earlier as an example (save
for the trivial division by 2), and then we therefore have q%(g) =f ) G (£). By the convolution theorem from earlier, we

69



now know that ¢ = f x G. Now, if given an explicit f, one could compute the integral explicitly to get a solution to the
ODE. I have a feeling this is probably the kind of thing we will do in IB methods.

Put on L? (R") the inner product

(f.9)= [ Flx)g(z)dw

R’!L
Whether this is exactly the same as conventions I've used in the past, I really don’t care anymore.

Recall the following result from probability and measure:

Proposition. There exists a unique Hilbert space (multiple of an) automorphism F : L? (R") — L? (R") such that it
agrees with the Fourier transform for all f € L' N L2

Note that F is continuous because it is (up to a constant, compare to the way I stated it in my probability and measure
notes) an automorphism. We call this the Fourier-Plancherel transform.

Recall also that in probability and measure we proved f € L'NL? — H f H (2m) d/2 I £]l, (Plancherel identity). Turns

out, we can generalize this a tiny bit and then we get Parseval’s formula, not to be confused with the Fourier series version
of Parseval’s formula, proved in Linear analysis.

Theorem. (Parseval’s formula) Let f,g € L' (R*) N L? (R™). Then f,§ € L? (R") and
(f.9)= ﬁ (7.9)
Proof. Start by assuming f,g € S. Then we have
o= [ T o= [ 76 (g [ @ e=ac) o
~wr L. (L.
= gy L @0 de = o (£.9)

Now since ¢. x g — g in LP as € — 0 for all p, and by considering making the functions smoothly cutoff to 0 at very large
values it follows that there exists a sequence f; of smooth functions with compact support such that

F@ecdn) g€ d = i [ ([ f)emsas)ate de

1
1f5 = flly + L5 = fllo <3

and there exists an analogous sequence for g. We have

sup
£ER™

F©-7©|<if-fl<3

This implies that fj — f uniformly on R™. By the calculation above (since f; is in S, and in fact this next step is also
implied by the special case of this theorem proved in probability and measure) we have

|55 = 24|, = @™ 155 = £l

Since f; converges in L? (R™) it is a Cauchy sequence in L? (R™) so the above line shows fj is also a Cauchy sequence in

L2 (R™), hence has a limit by completeness of L2 (R"), hence f € L2 (R™) (as that is the limit since —f H — 0). Also,
we know that the sequences f;, g5, fj, g; all converge in L? so taking the limi gives
1 ;o
(f9) = 2 (f7g)
O

3Since the inner product is jointly continuous in the 2 variables by the polarization identity (z,y) = i (Hm +yll? = ||z - y||2>
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4.2 The Fourier transform on Tempered distributions

Recall from properties and examples of Tempered distributions from earlier that since f has a supremum whenever f € L'
it follows that Tf € §*. For ¢ € § we have

1= [ F@owae= [ ([ sweriy) o

R’!L
[ s ([ eweras)a= [ i@ éwa
In fact, for any f € L' and ¢ € S we have T;[¢] =T [c{)}

Motivated by this, for any tempered distribution v € S&* we define its Fourier transform such that @ [¢] = u [QAS} for all
peSs.

This definition makes sense because the Fourier transform maps S to S continuously. We could not do this on D because
the Fourier transform of a function in D is not in D (in fact this fails in R because it is Analytic by the theorem above
S0 it can’t vanish on an open set without vanishing everywhere).

Example. 55 = Te_.. The proof of this is that by definition

el =0 [3] =60 = [ e o@dn =T, g

n

The distributions are equal because this is true for every ¢.

Example. For x € R" we have i: = (2m)" 8. The proof of this is that if ¢ € S then

T (o) =T.. [8] = [ e™<o()ds = (2n)" 6 (a) = (7). [0

Example. Let a be a multi-index and denote by X the map X : x — x®. Then for ¢ € S we have

Txe gl =Txe [] = | €6@de= (i) | D6(e)de
The last inequality is valid since functions in S are infinitely differentiable. Then by Fourier inversion formula we have
= (2m)" (=) D¢ (0) = (2m)" il (=1)'*! 6y [D¢] = (2m)" i!*| D5, [¢]

Therefore we have Txa = (27)™ il DG,

Definition. Let f € C°° (R"). Then f is said to be of tempered growth if for each a there exists a constant C, and an
integer N,, such that |D®f (z)| < Cy (1 + |])N=.

If f satisfies this then ¢f € S (to be shown shortly) with ¢ € S and we can define fu € $* by fu[d] = u[f¢]. To show
that this is actually continuous and maps into & we want to show that the map ¢ — f¢ is continuous.

Theorem. Let f be of tempered growth, then the map ¢ — f¢ is a map on S and continuous on S.

Proof. Continuity on S requires showing that the Schwartz seminorms of f¢ are bounded by a finite linear combination
of the Schwartz seminorms of ¢. Using the general Leibniz rule, the derivatives of f¢ are:

D(fo) =Y <g) DFfDPg

Bla

To bound a given Schwartz seminorm of f¢, we multiply by (1 4 |z|)* and take the supremum:

sup (1+ |z))"|D*(f)l < ) (a> sup ((1+[a])*|D* 7 f(2)[| D (x)|)

rcR” B<a B TER"
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Because f is of tempered growth, we have |[D* A f(x)| < C4 (1 + |z|)Ne# for some constants C, s and integers N, g.
Substituting this bound gives:
(1+ 2D (fo)] < e (1 + Ja)" N2 | DO ()])
su]é) x 9)| < 3 .8 su]é) x o(x
zeR™ TER™

Ba

The terms on the right-hand side are precisely constants multiplied by the Schwartz seminorms of ¢. This proves that
fo € S and that the map ¢ — f¢ is continuous.

Define m,u[¢] = u [T,xqb] Also define @ [¢] = u [¢].
We will now verify 5 basic properties of the Fourier transform on tempered distributions, including the fact that it is an

invertible operation on §*. In all cases, remember that two distributions are equal if they agree on all test functions, I
don’t need to say it every time. We may use these properties in future algebra.

1.

e [] = exu [¢] = u|end| = u |720] = i [7od] = reuly]
2.

e () = eou 9] = u|erd| = u|To8] = i [r26] = reuld]
' Doulg] = D°u[d] = (-1)*u [D°6] = (-1)* u[(~0) " X=g]

= il [Xog] = itla[x2g) = il xa [g]

' D*i[g] = (~1)*a[D¢] = (~1)"'u | D29

= (=) [ilelx ) = (=)' xou 8] = (=) Xou |g]
5.

i1g] =u[6] = @) u[4] = 2m)" uld]

Therefore, the map F : §* — S* defined by u + 4 is a linear bijection.

Theorem. F is a Homeomorphism if §* has the weak-star topology.

Proof. Tt suffices to prove that F is continuous since this is clearly equivalent to continuity of its inverse (note that if F
is continuous then so is F2 which is a multiple of F).

Note that the weak-star topology always induces a topological vector space (see linear analysis) so we have translation
invariance. It therefore suffices to verify that the preimage of a basic open neighbourhood is open. A basic neighbourhood
of the origin in &* is of the form V(¢1,..., ¢r,€) = {u € S* : |u[p;]| < ¢ for all j}, where ¢; € S. The preimage under F
is simply

F X V(1. ., b0,6) = {ueS*:|apj]] <et ={ueS* :|upj]] <e}=V(d,...,oke)

Since the Fourier transform maps S to S, we know ¢2j € S. Therefore, the preimage is exactly another basic open
neighbourhood in the weak-* topology, which proves continuity.

O

4From now on in ambiguous cases like this, I'll try to remember to reserve 7 for translation and T for a function as a distribution. Also, I
don’t know why the minus sign convention exists here but it does so deal with it. Sorry, it only just occured to me now I was using Tyiug to
mean 2 different things.
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4.3 Convolutions in the Schwartz space

Recall that if u € D* (R") and ¢ € D (R") then ux ¢ (z) = u [7,6]. If u € S* and ¢ € S then this definition still makes
sense, and has the following basic properties, where u € §* and ¢ € S are fixed and u % ¢ is a function R" — C.

Proposition. ux ¢ € C® (R") with D* (u* ¢) = (D) * ¢ = ux (D)

Proof. We have previously shown that the analogous proposition holds for distributions in general, and this is almost
established if you follow that proof. The only thing to check is that for ¢ € S we have A"¢ — D;¢ in S as h — 0.

To justify that Af¢ — D;¢ in S as h — 0, we must show that convergence holds under all Schwartz seminorms. That is,

for any multi-indices « and 3:

sup ‘xo‘Dﬁ (Arp(z) — Di¢(x))| — 0 as h — 0.

zER™
Since the difference quotient commutes with partial derivatives and ¢ is smooth, we can let 1) = D?¢. Because ¢ € S, we
know ¢ € S. Using the integral form of Taylor’s theorem, we can express the error in the difference quotient exactly:

L1 @) — o (h) — hDup ()]

AlY(x) = Div(z) = 3 |

z+he; h
:1/ (:c+hez—t)D2()d=%/ (h — 8) D} (x + se;) ds

/ / D21/1 (x + se;)dtds = / / Dzw (x + se;)dsdt

Multiplying by 2%, we need to bound x*D?(x + se;) uniformly. Because 1 € S, D?¢ decays faster than the reciprocal
of any polynomial. Assuming |h| < 1, we have s < 1, meaning |z| < |z 4 se;| + 1. This guarantees that we can bound
|z D21 (x + se;)| < C for some uniform constant C' that depends on « and 1, but is independent of z and h. Therefore,
we can bound the supremum:

/ Cdsdt| =

As h — 0, this goes to 0, satisfying the condition for convergence in the Schwartz topology.

sup [ (Al(e) — Dy(a) cnl

rER™

Proposition. There exist constants N € N and K > 0 depending on u and ¢ such that
uxé (@) < K (1+z))"

Proof. Note that 1+ |z —y| < (14 |z|) (1 + |y|) universally in R™.

Recall that a linear map & — C is continuous if and only if there exist N,k € N and C > 0 such that

lufg]] <C  sup ‘(1 + |z))N DY (z)| for all ¢ € S

wER™, | <k

Applying this inequality with ¢ = 7,¢ gives

fuxd (@) = [u[rd]| <C s |A+1y)" D (x—y)|
yER™ |a|<k

Set z =  — y and note that |y| = |—y|.

—C s |1+ [z —a)V D (2)] < 1+ Ja)

z€R" || <k

¢ s |+ D (2)]
z€R" || <k

Which gives the result on setting K = C'sup,cgn |o|<k ‘(1 + |2])Y D¢ (z)’
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Theorem. D(R™) (which is C°(R™)) is dense in S(R™):

Proof. For any f € S(R™), take a smooth cutoff function ¢ € C°(R") such that ¢)(z) = 1 for |z| < 1. Define the sequence
fi(z) = f(x)y¥(z/k). By definition, each f;, € D(R").

To show f, — f in S(R™), we must show that for any multi-indices o and 3, sup,, [z*D?[f(x)(1 — ¢ (z/k))]| — 0 as
k — oco. By the multivariate Leibniz rule:

DA(f(a)(1 — b(a/k))] = DPF(a)(1 —b(a/k) — 3 (ﬂ) DP f (kP (D) (k)

0<y<B

Multiplying by z®: The v = 0 term is *D” f(x)(1 — v (z/k)). This is exactly 0 for |z| < k. Since f € S, 2*DP f(z) — 0
as |x| — oo, so the supremum over the remaining region |z| > k goes to 0 as k — co. The v > 0 terms each contain the
factor k=171, Since 2*DP~7 f is bounded globally (as f € S) and D71 is bounded, each term is bounded by a constant
times &~ 17!, which clearly vanishes as k — oc.

Proposition. T4 € §* and T/u:p = qgﬁ

Proof. By the above 2 results we know that T;,,4 € S* because u x ¢ is smooth and doesn’t grow too fast. Therefore, it
makes sense to consider the Fourier transform. Suppose that ¥ € D (R™). Then we have

Tovo (0] = Turo [3] = @) Tovs [0] = 20" [ ws @) (-0

n

= (2m)" /n u[1.0] ¢ (—z) dx = (27T)”/ u [y (—2) 7,0 dx

n

We will now write that this is = (27)" URn P (—x) quvbdx]. The proof that this is valid is deferred to later in this
document. Continuing, we get

o ultoi] = [(555)] -+ )] -4 [(39)] - (69 9

We conclude that T/u*\¢> |:1[)} = (qﬁﬁ) [i)] is true for all ¢p € D (R™).

Since D (R™) is dense in S and F : § — S is a homeomorphism (We proved this above with S replaced with $* and a bit
above that we proved that 7 : & — S is a continuous map, the inverse is continuous by Fourier inversion theorem), we

have that the set F[D (R™)] = {ﬁ cp €D (R")} is dense in S. Thus, for any x € S and by continuity and density we
have that for all y € S that

—

Ture [X] = (rbU) ]

Lemma. Let ¢ € S. Then the map S — S defined by ¥ — ¢ is continuous.

Proof. we must bound an arbitrary Schwartz seminorm of ¢ by a finite linear combination of the seminorms of ¢. By
definition, the seminorm i

|pY]a,5 = sup |2*DP (¢)) ()]
rER™

Applying the general Leibniz rule:

B — B Yo\ DP Y (z
Do) = 3 (7)0rewn’ i)

y<B

5Well I've defined the seminorm slightly differently but it’s just a finite linear combination of these so don’t worry about it the proof still
works
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This gives:
DR (Gu)(a) < 3 (/j)ww(xn |2 DPy(a)

Y<B

Since ¢ € S, its derivatives are globally bounded. Let C, = sup, |[D7¢(x)| < co. Substituting this in:
*DF < P\ ey lanps < Ne
2> DP (¢)(2)] < ) vl Y@) <Yy [ ¥las—
v<B K v<B 7

Taking the supremum over all x yields:

[

S (f) Cyllas

Y<B

Because |¢1)]q, is bounded by a finite sum of seminorms of ¢, the map ¢ — ¢ is continuous.

Theorem. Let ¢ € S. Then the map & — S defined by ¢ — ¢ x ¢ is continuous.

Proof. Taking the Fourier transform turns the convolution into pointwise multiplication: F(¢ x ¢) = q@z/} Since (;AS €S,
pointwise multiplication by it is a continuous map from S — S, and mapping back through the inverse Fourier transform
preserves that continuity.

Proposition. For any ¢ € S we have (u* @) x ) = ux (¢ x 1)

Proof. In the proof of the previous proposition (except for one step to be justified later) we established that for any
1 € D (R™) we have

| uxo@ v (-a)da=u[(s5)]
which is equivalent to saying
(ux @) x ¢ (0) = ux(px1)(0)
It is clear from the definitions that

dx Ty =Ty (px 1) and u* 7y = T, (U * @)

To see why the second one is true, since it’s difficult to keep all the signs straight,
Left side: u* (7y¢)

Let 9(z) = 1y¢(2) = ¢(z — y). Reflecting this gives ¥(2) = p(—2) = ¢(—z — y). Translating by z gives the test function
u acts on:

(z) =Yz —2) = ¢(—(z2 —z) —y) = d(—2 +x — y)
So, (u*1y¢)(7) = u[p(—z + = — y)]

Right side: 7, (u* ¢)

Evaluating this at @ gives (u % ¢)(z — y), which means u acts on 7,_,¢. Reflecting ¢ gives ¢(z) = ¢(—=2). Translating by
T — y gives:

Tomyd(2) = 9z — (2 —y)) = d(~(z — 2z +y)) = d(~2z +z ~y)
So, Ty(u* ¢)(x) = ulp(—2z + x — y)]. Since the test functions are identical, the two expressions are equal.
Using this and the fact (ux ¢)x 1 (0) = u* (¢ x ¢) (0) and replacing ¢ with 7,7 we conclude that the formula holds at all

y for all ¢ € D (R™) and this is a dense subset of S. We would conclude, then, if we could verify continuity of the relevant
maps. Specifically,
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Left side: ¢ — ((ux¢)*v)(y) = [(u*¢)(2)1(y — z)dz. This is a continuous functional on S because u * ¢ is polynomially
bounded (as proven in a proposition a bit ago).

Right side: v — (ux (¢ x9))(y) = u [y (¢ *)]. This is continuous because convolution by a fixed ¢ € S is a continuous
map from § — S, and u € §* is continuous by definition.

O
Proposition. We have T, ; = (2m)" bu
Proof. Recall T/U:¢ = i (proved earlier). Using this, we have
T,,; = ou=(2m)*" ¢i = (21)*" (¢u) = (2r)" <¢>u)
Then done since the Fourier transform is a bijection on S*.
O

To complete the proof of the last few propositions it remains to justify the step where a tempered distribution and
integration was interchanged.

Let © C R™ be open and let ' C R™ be open. Let f € C (2 x ') be uniformly continuous and suppose there is some
R > 0 such that for each y € ' we have
supp f (y) C [-R,R)" C Q

Next, define a partition of this cube into cubes as follows: [], just consists of the rectangle and if [], is known define
1.1 as [, with each cube split into 2" equal sized half-open cubes. Then for each fixed k, |J]], = [-R, R)". For each
7 € [ [, let 2 be the point at the center of that cube. Define

Sk (W)=Y f@my)p(r)
w€l],

Lemma. With the definitions as above

5. = [ f(9)da
uniformly in y € Q.

Proof. Since f +— f(x,y) is continuous with compact support it is certainly Riemann integrable. Thus, for each fixed y
we have

&@%%Af@wwx

Now since f is uniformly continuous, the result follows easily: Specifically for each e there is a ¢ that works for € := G

and if k is large enough the partition has any 2 points in each cube within a distance of this §, where one point is at the
center and the other is at, say, a point where the mean value is attained.

We will now prove the result we actually need.
Recall the result from Analysis that if f is Riemann integrable on [a,b] then for all £ > 0 there exists a § > 0 such that

the mesh being < ¢ implies the difference between the upper and lower sums is < ¢ . A similar proof strategy generalizes
this to closed rectangles in R™ and integrating functions over those. However, I leave the details as an exercise.

Theorem. Let v € §* and ¢ € S and ¢ € D (R™). Then

u[ 5 (—z) ngﬁdx} = / ufp () 7.0] dx
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Proof. Fix Q, R > 0 such that supp ¢ C [-R, R)" C Q. Define f : Q x R" — C by (z,y) — ¢ (—z) ¢ (y — ).

Note that by a Leibniz rule trick and the fact that ¢, are in the Schwartz space and thus have uniformly continuous

derivatives, we have that for any «, N that (1 + |y|)N Dy f is uniformly continuous on €2 x R™, as the part of ¢ that the
derivative 'sees’ always decays faster than the (1 + |y|)N factor grows in y.

Now define Sy, (y) as in the lemma above. Then differentiating under the finite sum gives

(+ )™ DSk ) = D [+ 1w Dy f (@e,y)] ()
7r€1_[,c
Given this, the previous lemma implies

Sk (y) — Y (—x) Tpbdz in S
R‘VL

Continuity of u implies
U [ (—x) TI(Z)dZ‘:| = [ lim Sk] = lim wu[Sk]
Rn k—o0 k—o0

By linearity of u we have

wlSel=u | > flam ) plm)| = D ulf @) p@) = > ulp(—ax) 7e.0] p(7)
el LS mell,

Because = — u [1) (—z) 7,¢] is smooth (since it is ¢ (—z) u [r,¢] which can be expressed as a convolution and thus is
smooth) it is Riemann integrable and we have that

lim Z u Y (—z5) Twwqﬁ] w(m) = /U K% (—33)793@5] dx

k—o0

ﬂGHk

4.4 The Fourier transform on &* (R")

Recall that £* (R™) is a continuously embedded subspace of §* (R™) consisting of distributions of compact support. For
these distributions, we have the following:

Theorem. Suppose that u € £* (R™). Then o = T} for some ¢ € C*° (R™) with 9 (§) = u[e_¢]

Proof. Suppose that supp (u) C Bg (0). Pick ¢ € D(R"™) with ¢» = 1 on Bgy1 (0) so that ¥u = u. Then we have (by
properties from the previous subsection)

.~ 1
R e
Thus we have @ = T} for © = (2;)”,@ *x1) € O (R™). Now let ¢ € S be such that é = 1. We calculate

= ule—ey] = (Yu) [e—¢] = ule¢]

Therefore in practice we don’t distinguish the distribution @ and the function .
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4.5 Periodic distributions and Poisson’s summation formula

Note: In this section, sums over Z™ are understood to be the limit as sums over the cubes centered about the origin. In
most cases they should be absolutely convergent and this distinction won’t matter.

Definition. A distribution u € D* (R™) is said to be periodic if for each g € Z" we have Tyu = u.
Example. The distribution T, , is periodic for any g € Z".

Example. Suppose v € £* (R") and let u =)
that it is periodic.

gezn Tgv- If we know that this defines a distribution then it is easy to see

To see that it defines a distribution this is the sketch of the proof: note that for all ¢ € D (R™) its support is contained in
a compact set which therefore must contain finitely many integer lattice points. Also, the support of v only has finitely
many integer lattice points. All said and done it’s easy to see that u = ) gezn Tgv effectively becomes a finite sum for
any ¢, and it is sequentially continuous and thus continuous as the effectively finite sum (any convergent sequence in D
must be contained in a fixed compact set) of sequentially continuous stuff - only for finitely many g does the support of
something in the sequence and the support of v overlap.

Define ¢ = {z € R": -1 <w; < § fori=1,2,..,n} . This is a fundamental cell of the periodic lattice. We define
= fq f (x)dx. We would like to define M (u) = u[1,] but we can’t since 1, ¢ D (R™). However, we can solve this
using the following proposition.

Proposition. Let Q C R™ be the open cube of diameter 2 centered at the origin. Then there exists a smooth non-negative
function ¢ supported in @ such that gezn To¥ = 1. Also, if 1 and v’ both satisfy this proposition and u is a periodic
distribution then w [¢)] = u [¢)']. We then define M (u) = u [¢] satisfied that this is a well defined distribution.

Proof. Note that § = {x ER™: || < % fori=1,2, 7n} By earlier properties there is known to exist a non-negative
function o € C2°(Q) that is 1 on ¢. Define S(z) := > 7. %o (x — g). Then this is a smooth function and it is > 1

everywhere so we may take 1 (z) = 1@’((;)) and this does the job.

For the second part, we calculate

Wl =u | > 70| = ulprgd]

geZ™ geZ™

We can take the sum out as it is effectively finite because of the support being bounded. But then we can write

=Y mgulr g =u [ Y | =uy]

geZ™ geEZ™

O

If w = Ty for some locally integrable periodic function f then by choosing a bounded sequence of ;s that tends to 15

pointwise we have
M (1) = [ fa)ds
a

Note that all periodic distributions are tempered and obtained by translating a compact distribution, as shown by the
following proposition.

We call M the mean of the distribution.

1
Lemma. ZQEZ W converges.

Sketch of proof. Let gps have largest absolute value coordinate M, then it is O (M "’1) large but has values the size of
O (M~*7%) so the total sum is like summing O (M ~2) over M.

78



Proposition. Suppose v € £* (R™) is a compact distribution. Then u = 3 gezn TgU converges in S*. Conversely, suppose
that v € D* (R™) is a periodic distribution. Then there exists v € £* (R™) such that u = dezn T4v holds and u extends
uniquely to a tempered distribution v € S*.

Proof. By the characterization of continuity of linear maps & — C there exists C' > 0, N € N and a compact K such that
for all ¢ € £ (R™) we have

gl <C  sup [D%(x)
zeK,|a|<N

Now suppose that ¢ € S. Then we have

iTgv[¢]] = [v[r—g9]| <C  sup [D%(x+g)|
€K, |a|<N

Since K is bounded, we have that K C Bpr (0) for some R > 0. For all € K we have
L+lgl <l+]-zl+lz+gl <1+ R+Je+gl <1+ R)(1+]z+9])
Therefore for any M > 1 we have

c(1+RM N
(1(+|g|)3w s ()™ 1D )
zeK,|a|<

[Tv [¢]] <

c(1+RrRM N
S 7 su 14+ Do
Q)™ pernb oy LD ID0 )]

Since ¢ € S we have
Cyu.s

(1+ [g))"*!

Now it is easy to check that > ;. W converges. Therefore for each ¢ € S the sum 3 ;. 75v [¢] converges. This

is precisely the statement that the sum converges in S* with the weak-star topology.

7QU[¢]§

Now let u € D* (R™) be periodic and take ¢ as in the previous proposition. Let ¢ € D (R™) be arbitrary. Then we have

wlg] = | D ru fulel = [ Y ulryyel

g€z gezn

Since u is periodic,
u[Tge] = u[P7_g@] = Yu[r—4¢] = 74 (Yu) [¢]

Now tu has compact support so it extends uniquely (see the subsection on distributions with compact support) to a
distribution v € £* (R™). Thus we have
u = Z T

geLn
By the first part of the proof this sum converges in §*. By earlier in the proof if we set M = n + 1 then what happens is
that the sum is bounded by a finite multiple of a seminorm in S so we indeed have continuity in S*.

O

Since periodic distributions are tempered, it makes sense to talk about their Fourier transform. As it turns out, the result
is a generalization of a Fourier series, which makes sense.

Proposition. Suppose that u € §* satisfies (e_ys — 1) u =0 for all ¢’ € Z™. Then
u = Z Cg02rg
geZ™

where ¢, € C satisfy |¢,| < K (1+ lg))" for some K > 0, N € Z and the sum converses in S*.
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Proof. Define A = {27g : g € Z™}. Let ¢ € D (R™) with supp ¢ C R™\ A.

Since supp(¢) is a compact set disjoint from A, for every x € supp(¢) there exists at least one ¢’ (in fact one ¢’ that is
a basis vector) such that e_g () — 1 # 0. By compactness, we can use a finite partition of unity (see level 9.5) to write
¢ = ¢;, where each ¢; is supported on a small neighbourhood where a specific e_g,— 1 has no zeros. We can then divide

to get (6793 —1)7'¢; € D, allowing us to use the condition to conclude u[¢;] = 0, and therefore u[¢] = 0. Specifically, we

have )
0= (e—g; - 1) u {(e—g; - 1) ¢>j] = u[g]
This implies that supp u C A.

Now take v as earlier, i.e. the 'partition of unity’ building block bump function thingy and define @Z = (%) Note that
dezn Torg® = 1 and supp ¢ C {z € R"™ : Vi|z;| < 27},

For each g € Z™ define vy = (Tgﬂ-ng}) u. This distribution is supported at 2mg and we have (e_y — 1) v, = 0 by the

assumption on u.
Taking ¢’ = e; where {e;} is the standard basis for R” we have
(efz'(zfzng) _ 1) v, = (eﬂ'(m _ 1) vy =0
Also, there exists a function  (z;) that is non-zero on a neighbourhood of 2mg; such that
e~ T2m) — 1 = (2 — 2mg;) K ()

Thus, we conclude that (z; — 27g;) vy = 0 for the reason that v, is entirely supported at 2mg so we only care about test
functions in a neighbourhood about that point. As for why you can divide a distributional equation by a non-zero compact
supported (after maybe multiplying « by a cutoff function that won’t affect it since the support is one point) function like
that: Remember that multiplying a distribution by a function is just changing the function it acts on.

Suppose ¢ € S and g € Z™. Then we can write ¢ (x) as ¢ (2mg) plus a smooth function that vanishes at 2mg, which we
will write as Z?Zl (x; — 2mg;) ¢; (x) for some smooth functions ¢;.

Since v, has compact support it extends to act on £ (R™) and we calculate

Vg [0] = vg [¢ (2mg)] +

J

(.23]' - 27ng) Ug [¢]] = Vg [‘b (27Tg)]

n
=1

By definition of v, we have
(rorg®) ul6] = (72ng) [ 2mg)] = u [ (72ng®) & (279)| = u [ramg)| G2y [6]

so that (Tgﬁgd) u=1u [Tgﬁgﬂ d27g. Then summing gives

5 () ) - (5 () )

The reason we can do this is the partial sums Sy = ZI gI<N 7'2,79122 have their derivatives of all orders are uniformly bounded

independently of N. Because ¢ decays faster than any polynomial, the sequence Sxy¢ converges to (dezn 7-27791/;)¢ =
1-¢ = ¢ in the topology of § - this is a straight forward Leibniz rule application. By the linearity and continuity of w,
the limit can be pulled outside: u[limy oo SNP] = limpy 00 u[Sn ).

To be really explicit (Since this is similar to the density proof above but without the extra k~M factor, which causes it
to look a bit suspicious):

By the definition of the partition of unity, the infinite sum converges to exactly 1 everywhere. For any finite N, Sy(z) =1
identically on an expanding ball Bg, (0), where the radius Ry — oo as N — oc.
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Consequently, on the region |z| < Ry:
1—Sny(x)=0and D'(1 - Sy(x)) =0

To show Sy¢ — ¢ in S, we evaluate the supremum of 2% D?[(1 — Sy (x))é(z)]. Using the Leibniz rule, this expands into
a finite sum of terms of the form:
2D (1 — Sy (2)) D~V ()

We split the supremum into two regions. For |z| < Ry: Every term is exactly 0 because the derivatives of 1 — Sy ()
are 0. For |z| > Ry: The derivatives D7(1 — Sy (x)) do not vanish, but they are bounded by our uniform constant C..
Therefore, each term is bounded by:
Cy sup [2*D" ()l
|z|>RN

Because ¢ € S, the function 2% D?~7¢(x) decays to 0 as |z| — co. Since we are only taking the supremum over the region

|z| > Ry, and Ry — o0, that supremum must go to 0 as a linear combination of things that go to 0.

Thus, we have

Z ((7'27791;) U) = Z (7'27791;) u=1u= Z Cg02rg

geZ™ geZn geZ™
where ¢, = u {Tgﬁgzﬂ.
This proves the sum converges in &*. It remains to check the polynomial bound.

Recall that by the characterization of continuity for maps u : & — C there exist N,k € N and C > 0 such that for all
¢ € S we have

gl <C  swp |1+ o)V D (a)
zER™,|a|<k

Applying this to Tzﬂ—glz gives

le,] <C sup ‘(1+|m|)NDa1/~)(x—27rg)’
z€R™|a|<k

<C sup|(A+]a+2mg)" DM (@)
z€R,|a|<k

<O swp |1+ [a)N D (@) x (14 (g < K (14 g™
z€R",|a|<k

Theorem. Suppose u € D* (R") is a periodic distribution. Then there exist constants ¢, € C such that

u = E che%g

geZ™

where ¢y = M (e_arqu) and we have |¢,| < K (1 + lg])Y for some K > 0,N € Z

Proof. Since u is periodic it is tempered so we may talk about its Fourier transform. For all ¢’ € Z™ we have Tyu = u
which implies that e_y & =u so t (e — 1) @ = 0. Now we go like “ohhhh that’s why we set up the previous proposition
that way!” so we can write @ = (27)" dezn cg02rg for some ¢, satisfying the required bound.

Since this sum converges in $* and the Fourier transform is a homeomorphism, we may take the inverse fourier transform
to get that the sum > 7. ¢;Te,,, converges in S*. As for why (27)"™ 8, is the Fourier transform of T, , we conveniently

did this in an earlier example.

To establish the formula for ¢, we make use of the earlier observation that M (Ty) = fq f (z) dz to get that
M (e—ngTezwg/) - /62”(9—9l)-rdx = 55’9’
q
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By definition, the mean of a periodic distribution is defined as M (v) := v[¢)], where ¥ € C°(R™) is a fixed partition of
unity function from earlier. Applying this to u — M (e_gxqu):

M(e—%gu) = (6—27@“)@] = u[e—%gw]

Because 9 is smooth and compactly supported, the product e_s.4% is a fixed test function belonging to the Schwartz
space S. By the definition of the weak-* topology on S*, the evaluation functional u +— u[¢@] is continuous for any fixed
test function ¢ € S. Therefore, the map u +— ule_2,4?] is continuous. Therefore, since continuous functions commute
with limits, we have
M (e_grqu) = Z cgM (e_gnge%g,) =y,
g'czn

To see why that last sum was justified: Convergence of the series u = ) cgTe,,, in S* means its sequence of partial sums
Sy converges to u in the weak-* topology. By the definition of the weak-* topology, a sequenceSy — u in S* if and only
if Sn[¢] — ulg] in C for every test function ¢ € S. Since the map u — M (e_2-4u) is exactly the evaluation of u on the
fixed test function ¢ = e_s.47, it commutes with the limit of the partial sums by the very definition of convergence in S*.

O

I just realized we're literally looking at functions on the set of linear maps on the space of functions. No wonder this is
confusing.

We often write the series as u = ) gezn Cg€2mg where convergence is understood to be in §* and we may not always
distinguish the function esr, from the distribution it defines.

(Note: Convergence in D is stronger than convergence in S but once we take duals we are working with the weak-star
topology so the order flips, so the limit in S* defines a valid distribution)

Example. Consider u = ) gezn dg. Then since dp € £* (R™) an earlier proposition implies that this defines a periodic
distribution. If v is a partition of unity function as earlier, then since this is supported inside the side length 2 cube about
the origin we have that 7,4 (0) = 0 for g € Z" with g # 0. Thus, since 3 7. 741 = 1 we much have 1) (0) = 1. We then
calculate

cg = M (e_ongu) = u[the_ong] = 1 (0) e 290 = 1

S b= T,

geZ™ geZ™

Thus, we get Poisson’s formula:

This is sometimes written, using abuse of notation, as
§ : (5(.%'—9) — § : e27rg.m
gez gez™

I'm willing to bet we’ll see it written this way in the Methods course.
We can now deduce some properties of Fourier series.

Lemma. Differentiation is a continuous map from S* to itself

Proof.
Po(Dju) = |u[D;]| = pp,¢(u)
Since D¢ € S, the operator D; is bounded by a defining seminorm and is therefore continuous - see the characterization

of continuity of maps between topological vector spaces that was proved in the topological vector space chapter. Earlier
work implies that weak-star topologies are topological vector spaces.

O

Proposition. Let u be a periodic distribution and suppose ¢, are its Fourier coefficients. Then Dj;u is a periodic
distribution and has Fourier series

Dju = Z (2migjcy) Te,,,
geZ™
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Proof. Since differentiation is continuous as established earlier, for a similar reason to the above with the other continuous
map and swapping the sum, we may differentiate term by term and then the result follows because DT, , = (27ig;) T,

€2rg

O

Lemma. Let 1 <p < oo and let f € L (R"™) be periodic and let ¢ be the open cube centered at the origin of side length

loc

1. Then for all € > 0 there exists a smooth periodic function f. such that ||f — fEHL,,(q) <e

Proof. Let @ = 2q. Then by general analysis there exists h. € C° (R™) such that supp h. C @ and | f1, — h5||p < e,
since compact supported smooth functions are dense in LP.

Define f. = gezn Tglhe, then this is clearly smooth and periodic.

Now consider [|f — fe[|,, then this picks up & from [|f14 — hel|, < & and at most (3" — 1) ¢ from the small extra bits from
the bordering copies of he, so that | f — fc||, < 3"e. When n is fixed, this is just a constant, so done.

O

Proposition. Let f € L} _(R"), then

loc

leal < 1111

and ¢y — 0 as |g| = o0

Proof. Note that

leg| =

/ef%igmf (z)dx
q

Now let f. be such that || f — f€||Lp(q) < £/2 as in the lemma above. Suppose f. has Fourier coefficients c;. Since D;D; f.

S/qf(x)ld:c—IfllLl(q)

is locally integrable we have that | g|2 |c’g‘ < C by the Fourier coefficients of the derivatives and the fact that we know
Fourier coefficients are bounded.

This implies that there exists R > 0 such that ’c’g| < § when |g| > R. We have

€
|Cg _C;’ <|If- fa”Ll(q) < b
so we conclude that for |g| > R
€ €
leg| = |cgfc;+c;| <§+§:5

Thus ¢g — 0 as |g] — oo.

Proposition. Let f € C"*1 (R") be periodic. Then
f (JL‘) _ Z cge2m‘g.ac
geZN

with the sum converging uniformly.

Proof. Have D*f € L} (R™) for |a] < n+ 1. By boundedness of the coefficients of D®f and what happens when
we differentiate we conclude |¢,| < K (1+ \g|)7("+1) for some K > 0. Thus the partial sums converge uniformly by
the Weierstrass M-test. Uniform convergence implies convergence in &* and we conclude because the mapping between

continuous functions and distributions is injective so we get convergence to the correct limit.
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Example. In R we conclude that the Fourier series of any twice continuously differentiable function converges uniformly
to the function. That’s quite nice.

Remark. Furthermore, we can conclude from the same method as the above proof that more differentiable functions have
faster convergent Fourier series.

Proposition. To generalize the L? theorem in R from linear analysis to R™:

Let f,h € L} . (R™) be periodic with Fourier coefficients f,, h, respectively. Then we have yet another version of Parseval’s

formula:
[T@h @z =3 Th,

geEZ™

Also, the sum f (z) = > g~ cg€?™9-% converges in L? (q).

Proof. First, suppose that f,h € C* (R™). Then the previous theorem implies

Z f e27rzgw and h Z h e27rzgw

geEL™ gEL™

with supgezn (1 + lgh™ |fgl < oo for all N € N and similarly for h;. We have (dominated convergence for any dodgy
steps)

/f(],‘)h( / Z f e 2mig.x Z hge2'n’ig’.m dx
q

geZ™ g’ €z
v
2 : 2 : fg / 27r1(g g)dI‘
gEZN g’ €T
= E E fohgdgq = E fohg
gGZn glGZn gGZn

In particular, we have that
||fHL2(q) = ||f.q||12(zn)

(Note: the I* (Z") norm is such that || foll2(zn) = \/24ezn 1fal®)

But this was under the assumption that f,h were smooth. If they are in L} . we can find f*) e ¢ (R") with Fourier
coefficients fg( ) such that

7=, <

Note that since ¢ is a finite measure space, f € L' (¢) as well. By Cauchy-Schwarz we have

1l = / £l < / I / L= £l

fg*f_(gk)‘ <

Therefore

b 1],y = <

o@n) " gezn

Since f(*) is Cauchy in L? (¢) we have that { (k )} is a Cauchy sequence in 12 (Z") so it converges in the space I? (Z") of

Z"-tuples of complex numbers that have a finite norm as defined above. In particular, its limit f; is in 12 by completeness
of that space.

We also know that fg (k) _, fg in 1°°(Z™) and so f, must be the identity of the limit of the Cauchy sequence in [%. Taking a
similar sequence h(¥) of smooth functions with Fourier coeflicients hg,k) and using the above identity for smooth functions

(F909) gy = (A7)
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the result follows on letting & — oo, since inner products are continuous in Hilbert spaces. The limit actually exists
because as discussed above f, is actually in 1.

5 Sobolev spaces and Partial differential equations

5.1 Weak derivatives and the W*? (Q) spaces

Definition. Let {2 C R™ be an open set. For k € Z>p and 1 < p < oo we say that a function f € L? belongs to the Sobolev
space WFP (Q) if for any |a| < k there exists f® € LY (Q) with DT} = Tya. We say f< is the weak, or distributional
derivative of f.

That was kind of two definitions (weak derivative and Sobolev space) in one so let’s unpack it.

Example. If H is the Heaviside step function then 1+2H is a weak derivative of |z|. This means that |z| € W11 ((-1,1))
despite not having a classical derivative.

Proposition. Weak derivatives are unique up to a.e. equality

Proof. Suppose v and w in LP(2) are both weak a-derivatives of f € LP(Q2). By the definition of the weak derivative, for

any test function ¢ € C° (), we have:
/ fD%pdx = (—1)l°l / v dx
Q Q

| 100 = (- [ wods

Subtracting the second equation from the first yields:

/ (v —w)pdr =0
Q
Let u=v —w € LP(Q). We just showed that [, u¢dz = 0 for all ¢ € C2°(Q2)

If 1 < p < o0, the conjugate exponent ¢ satisfies 1 < ¢ < co. The map g — fQ ugdz is a bounded linear functional on
L1(§2). Because C2°(Q) is dense in L(Q) for ¢ < oo, this continuous functional uniquely extends to 0 on all of L%(£2). By
the duality (L?)* = LP, this implies u = 0 as a vector in LP (), so u = 0 a.e. If p =1, then ¢ = oco. The density argument
directly fails here because C2°(£2) is not dense in L>°(£2) under the L norm.

To handle p = 1, we use mollification. Let ¢. be a standard symmetric mollifier. Therefore, the convolution u * ¢.(x) =
Jou(y)oe(z — y)dy is exactly 0 everywhere on this interior domain. Since u € LP(Q) C L;,.(), standard mollifier

loc
properties ensure that v ¢. — v in L}OC(Q) (and pointwise a.e. by the Lebesgue Differentiation Theorem) as e — 0. This
forces u = 0 a.e.

Example. I should actually show why 2H () — 1 is the weak derivative of |z| as an example.

= —f61== [ lalo@pts

Split the integral at x = 0 to substitute the piecewise definition of the absolute value:

- (/Ooo(x)¢'(x) dx + /OOO 2 (2) dx)

Apply integration by parts to each integral independently. For the first term on (—o0, 0):

0

/ (—2)¢ () = [~2(2)] o, — / (~1)é(x)dz

— 0o — 00
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Since ¢ has compact support, ¢ vanishes as x — —oo. At the upper limit z = 0, the term evaluates to —0- ¢(0) = 0. The

boundary terms vanish entirely, leaving LOOO ¢(x)dx For the second term, similar reasoning gives that it is — fooo o(x)dx
Substituting these resolved integrals back into the original split equation yields:

This can be combined into a single integral over R:

- [ e - 1ot s

— 00

Because this integral relation [ f'¢ = [(2H — 1)¢ holds for all test functions ¢ € C2°(R), the weak derivative of |z] is
strictly 2H () — 1 almost everywhere.

Similar reasoning works for any piecewise differentiable continuous function.

WFP (Q) may be equipped with the norm
I fllwrwy = > ID*fl,

lo| <k
Proposition. With this norm, we have a complete metric space.

Proof. Let (f) be a Cauchy sequence in W*?(Q). By the definition of the norm || f|lwr.r (@) = X jaj<k 1D fllLr(0), the
sequence of weak derivatives (D f,,,) must be a Cauchy sequence in LP(2) for every multi-index o with |a| < k. Because
L?(Q) is a Banach space, there exist limit functions g, € LP(2) such that D®f,, — g, in LP(Q). Let f := go be the limit
of the functions themselves. To verify that g, is actually the weak derivative D® f, take any test function ¢ € C*(0Q).
For each m, the definition of the weak derivative states:

/(D“fm)qbdm:(—l)‘“'/ fin(D%¢) dx:
Q Q

Take the limit as m — oo on both sides. Because D f,,, — g, and f,,, — f in LP(Q2), and because ¢ and D¢ are bounded
with compact support (thus belonging to the conjugate space L?(f2)), Holder’s inequality ensures the integrals converge

to: /and)dz _ (71)\a|/ﬂf(D°‘¢) dx

This identity holds for all ¢ € C°(Q), which is the exact definition of g, being the weak derivative D®f. Since D*f =
Jo € LP(Q) for all |a| < k, we know f € WFP(Q). Furthermore, since D®f,,, — D®f in LP(f2) for all these multi-indices,
fm — f in the W*P(Q) norm, meaning every Cauchy sequence converges to a limit within the space.

O

Crudely speaking, k tells us how differentiable our function is and p tells us how integrable our function is. If p is larger
we have less spiky functions and if % is larger we have smoother functions.

5.2 The space H*® (R")

We will now specialize to the case p = 2 and 2 = R™ | as properties of general Sobolev spaces are beyond the scope of
this course. This is good because we now have a Hilbert space.

Also, if we let f € L? (R™) and f be the Fourier-Plancherel transform.

Proposition. If f € L? then 7/1; =T

Proof. Let fj € S be a sequence approximating fin L2(R™). For any test function ¢ € S: By definition of the distributional
transform, Tf ff(b Since ¢ € S C LQ(R”) the L? inner product is continuous, giving [ f¢ = lim; ., [ fj¢. The
L? Fourier transform f is defined such that f; — f in L2(R™) because it is an isometry. Because ¢ € S ¢ L2(R"), we
have T';[¢] = ffqb = limj o [ fj¢. For Schwartz functions f; and ¢, Fubini’s theorem gives [ fid= J fj¢.Equating the

limits proves T[¢] = Ty [¢], meaning Ty = T;.

86



Proposition. f € L? (R") belongs to W*?2 (R") if and only if

[ (+1) |7 o] ae < o

Proof. By definition, f € W*2(R") if and only if its weak derivatives D f € L?(R") for all |a| < k. From basic properties

earlier, taking the Fourier transform on tempered distributions yields @(5 ) = (&) f(&).

Since the Fourier transform is an isometry on L2(R™) (up to constants), D®f € L*(R") if and only if £ f(¢) € L2(R™).
For f to be in W*?2(R"), this must hold for all |o| < k, meaning the integral [, 2ol <k |€12] £(€)]?d€ must be finite.

By expanding, (1 + |£]2)F = (1 + &2 + - + €2)* expands exactly into a linear combination of €2 (which is |¢2|?) for
all |a| < k with strictly positive coefficients. Because the weight (1 + [£|?)¥ and the sum 2 lal<k |€%|? bound each other

above and below by strictly positive constants, integrating |f(£)|? against either expression tests for the exact same L2

convergence.

O

Given this definition, we can generalize to k a non-integer. We do this noting that L? C S8* so the following definition
indeed agrees for integers.

Definition. f is said to belong to H*® (R™) if and only if
2\ 5| » 2
[ () [ff de <o

The square root of the above quantity is the norm of f in H.
Note that f will be taken to mean both the function and the distribution from now on.

Proposition. These are actually Hilbert spaces

Proof. The inner product that makes it a Hilbert space is defined as

(e = [ (+1EPY (€

To show completeness, observe that the map f — f(&)(1 + [¢[?)*/? forms an isometry between H*(R™) and L2(R™).
Because L?(R") is complete, any Cauchy sequence {f,,} in H* maps to a Cauchy sequence in L?. This converges to some
limit g € L?, which then pulls back to a valid limit f = F~[g(&)(1 + |£]?)~/?] in H*®, completing the proof.

O
Theorem. Fix k € Z>o. Suppose that f € H* (R") for some s > k+ 3, then f is equivalent (i.e. equal a.e.) to a function
in C*¥ (R™). That is, H® (R") C C* (R™).
Proof. First assume f € S (R™). Then by Fourier inversion for |a| < k we have

jled ) .
D7) = e [ et f (6 ae

By Cauchy-Schwarz:
oy | L e i@
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1 2\%| 2 2 |§a|2
< oo ([ (+16?) |Feof ) /IR”(1_|_|€|2)Sd§

We’ll prove the right integral converges in a second.

k
Since |§a\2 < (1 + |§|2) by expanding, we have

1 g L ! _.
| | (i) ) = e /(Ha)’“d5 o

It is here that we used s > k + 7, as it guarantees the integral converges. We thus have that

sup  [Df (2)| < s [ 1 oy

|a|<Ek,z€R™

Now suppose f € H® (R™). Then by taking the Fourier transform and then approximating with functions in Sand pulling
back, we have that f can be approximated by a sequence with f,,, — f in H* (R™) and f,, € S. By taking a subsequence
we have that f,,, — f pointwise a.e.

Since f,, is Cauchy in H*, the display formula above applied to f,, — f, implies that there exists f* € C* (R™) such that
D* f,,, — D*f* uniformly for all |a| < k (remember earlier about the result from analysis about uniform convergence of
derivatives generalizing by induction on |a]).

Thus f* is the function we want.

O

Theorem. (Bounded Linear Transformation Theorem) Let X be a normed space, Y a Banach space, and D a dense
linear subspace of X. If T': D — Y is a bounded linear operator, then there exists a unique bounded linear operator
T:X — Y such that Te = Tz for all € D. Furthermore, |T|x—y = |T|p—vy-

Proof. Step 1. Construction of T

Let z € X. Since D is dense in X, there exists a sequence (z,) in D such that z, — x. Because (x,,) is convergent, it is
a Cauchy sequence. Since T is a bounded linear operator on D, we have:

Txy = Tam| = |T(xn — 2m)| < [T||zn — 2m|

This inequality shows that (T'z,,) is a Cauchy sequence in Y. Since Y is a Banach space, it is complete, so (T'r,,) converges
to some y € Y. We define Tx = y.

Step 2. Well-definedness: We must show Tz is independent of the choice of sequence.

Let (z,) be another sequence in D converging to z. Then z,, — z, — 0. By the boundedness of T":
|Txy — Tzp| <|T||xn — 2n] — 0

Therefore, lim,, o0 Ty, = limy, 00 T'2p, S0 T is well-defined. If z € D, we can take the constant sequence x,, = z, yielding
Tx =Tz.

Step 3. Linearity

Exercise
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Step 4. Boundedness and Norm
For any = € X and (z,,) = = in D, the continuity of the norm implies:
Tz| = lim [Ta,| < lim |T||z,| = |T]|z|
n—oo n—oo

This shows 7" is bounded and |T| < |T|. Conversely, since T is an extension of T', its supremum over the unit ball in X
must be at least the supremum over the unit ball in D, giving |T'| > |T|. Therefore, |T'| = |T|.

Step 5. Uniqueness

Suppose S : X — Y is another bounded linear operator such that Sz = Tz for all z € D. Since S and T are both
continuous mappings that agree on a dense subset D, they must agree on all of X. Explicitly, for any 2 € X and (x,) — =
in D:

Sz =S(lim x,)= lim Sz, = lim Tz, =Tz

This completes the proof.

Theorem. Let s > 1. Then there is a bounded linear map 7 : H* (R") — H* 2 (R™™1) such that
Tf= fliz,=0}
for all f € H® (R")NC° (R")
This is a special case of the Trace theorem. Before we prove it, it helps to understand what this is actually saying.

Since R"~! is a measure 0 subset of R”, the function could take completely different values on R”~! and still be equivalent.
However, this theorem basically tells us what the value of f on R®! x 0 is in what we will call the trace sense.

Proof. Step 1. We will suppose u € S (R") and define Tu € S (R"™!) by Tu(z') = u(a’,0). We want to show that if
¢ € R™ ! then Tu (¢') = & [ a(¢,&,) dE,

By the Fourier Inversion Theorem, since u € S(R™), we can express u(zx) as:

1 ~ i(z' & 4
(z@n/ / (g, G et e dgde!
R7=1 JR

w(@' z,) =

Evaluating this at z,, = 0 yields Tu(z’):

1 1 sl !
Tu(z’) = u(a’,0) = @t /]Rn_1 (27‘_ /Rﬁ(fl»fn)dfn> e e de!

Since Tu € S(R™1), we can also write T'u(z’) using the (n — 1)-dimensional Fourier inversion formula:
Tu(a:’) _ ;/ ﬂ(f/)eiz/f/df/
(27T)n_1 Rn—1

We have now expressed Tu(z’) as the inverse Fourier transform of 2 functions. By the injectivity of the Fourier transform
on Schwartz spaces, we can equate the terms being inverted to conclude:

Tu(e) = 57 [ ale' &),

From this it follows from Holder’s inequality that we have the following and the second integral converges since s > %

<o (L) e soras) | [ (”df'f')
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Step 2. We want to show that there exists a constant C (s) such that
1Tl g gy < C )l

Consider the integral fR ﬁ Call this integral I(£'). Since & = (¢,€,), we know |¢|> = |¢/|? + €2. Making the
substitution &, = t/1 + |&’|?, we get d§, = /1 + |£'|2dt.

N 1
€)= /R @ v ey

- VTP
1€)= [ reen s
1) = 0+ e [ g
1

Since it is given that s > 3, the integral over ¢ converges to a finite constant that depends only on s. Let K(s) =
Jr ﬁdt. Substituting I(£") back into the inequality from step 1 yields:

™

Tu@)l < 52+ [+ igyiae. e,
R

By definition,
|\Tu||i1571/2(Rn71) = / (1+ |§/|2)3_1/2|Tu(§')|2d§/

Rn—1

Substituting the bounded inequality:

(1+[¢?) 12 {K(S)(1+|£’|2)5S/R(1+|£2)Sﬁ(£’,§n)|2d£n dg’

2
||Tu||Hs—1/2(Rn—1) S / o

Rn—1

ggg /RH/R(H\5I2)Sla(£’,§n)\2d5nd5

The double integral on the right is exactly the squared H*(R™) norm of u:

K(s)
2 2
||T’U’HH5*1/2(R”*1) < o ||UHH5(R”)

Taking the square root of both sides gives

HTU”HS—I/Z(RWL—I) < C(S)HuHHs(Rn)

where C(s) = /£

2m

Step 3. We will conclude the theorem.

From step 2, we have established that T : S(R") — H* '/2(R""') is a bounded linear operator with the bound
| Tullgre-1/2(gn-1y < C(s)||ul|gs@n). Since S is dense in H*, S(R") is dense in H*(R™). Since H*"Y/2(R"7!) is a
complete normed space, the Bounded Linear Transformation theorem guarantees that T" extends uniquely to a continuous
linear operator T : H*(R") — H*~Y/2(R"~1).

Therefore T' extends to a genuine bounded linear map. We must prove it satisfies the condition in the theorem.

We must show that for any f € H*(R") N C°(R"), this extended operator yields T'f = f|(,, —03. We cannot rely on an
arbitrary sequence in S(R™) approximating f in H®, because H*®-convergence does not guarantee pointwise convergence
on sets of measure zero (such as the hyperplane z,, = 0). We must construct a sequence that converges in both topologies
simultaneously. Pick a smooth cutoff function vr € C°(R™) such that ¥ = 1 on Bg(0), and let ¢ = ¥rf. We
have g € H*(R") N C%(R™). Let ¢. be a standard mollifier and define g. = g * ¢.. Because g has compact support,
g € C*(R™) C S(R™). By standard properties of mollifiers, g. — ¢ in H*(R™) as ¢ — 0 and g. — ¢ uniformly
on R™ (it is here we use that f and therefore g is continuous). By the definition of T on S(R™), T'g.(z') = g-(z',0).
Since T is continuous on H*(R") and g. — ¢ in H*(R™), Tg. — Tg in H*~'/?(R"~1). Convergence in H*~'/2(R"~1)
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implies convergence in L2(R"~!). Simultaneously, the uniform convergence g. — g on R" implies g.(2’,0) — g(2,0)
uniformly on R"~!, which also implies convergence in L?(R"~!) by compact support. Since limits in L?(R"~!) are unique,
Tg(z') = g(2’,0) almost everywhere. Because R > 0 is arbitrary and ¢g = 1 on Br(0), we conclude T'f(z') = f(2/,0)
almost everywhere on R" 1.

Ok now I will crash out.

Notes for the II analysis of functions course often say “oh it trivially generalizes to other smooth manifolds by change
of coordinates” to do a claimed proof of the general trace theorem well I don’t think it’s trivial I have many questions
about how it works and it ought to be made explicit. Therefore, I will stick with the half plane case proved above and if
differential equation boundary value problems happen in applied courses that need Sobolev spaces to be rigorous then it
better be on a half-plane or I will have to ignore it. If anyone can find an explicit treatment of this that has these notes
and earlier levels as background I’'m open to suggestions but will only look when I feel ready as right now I just want to
be done with this course to be honest this is way too hard for me to do before even starting IB but I have to because
IB methods exists. Perhaps I can use a heuristic ansatz to solve such PDEs when they come up in applied courses and
just verify the solutions. The proofs in my reference notes have quietly devolved into sketches and exercises that I have
to make LLMs complete around the time I got to the Fourier stuff and that’s the reason I'm sick of it, not because I
inherently dislike the course.

5.3 The space H] ()
Definition. Let Q € R™ be open. Then H} () is the completion of C2° () with respect to the H! (R™) norm.

Then this is a Hilbert space equipped with the inner product

(U, 0) g1 = /Q (m.Dv (x) + u(x)v (x)) dx

By Parseval’s formula and properties of derivatives of Fourier transforms this is equal to the inner product from the
standard H' norm.

If f € H}(Q) then there exists a sequence f,, with f,, € C>°(Q) and f,, — f in H! (R"). For any open U C R" we have
”fn - f||L2(U) < ”fn - f||L2(Rn) < ”fn - f”Hl(]R")
Therefore we have f,|y — f|v in L?. This means that if U = Q€ then if f € HE (Q) then f|y = 0 a.e.

Proposition. Suppose ) is of the form {z : a.x > b} for fixed vector a € R"™ and scalar b € R, then every f € Hj (Q)
vanishes in the trace sense on {z : a.x = b}

Proof. By the definition of Hi (), any f € Hg () is the limit in H!(R™) of a sequence (¢,,) in C°(Q2). Because each ¢,,
has compact support strictly inside ), ¢,,, vanishes identically on 9). Therefore, its trace is T'¢,, = 0.

The Trace theorem (special case above, after allowing you to rotate and move your head) establishes that 7" is a bounded
(and thus continuous) linear map. By continuity, since ¢,, — f in H!(R"), their traces must converge: T¢,, — Tf in

H'Y2(89). Since T, = 0 for all m, the limit T'f is also 0, meaning f vanishes on 9Q in the trace sense.

O

This means that if we have a PDE problem with the condition of vanishing on a plane then to get a solution we can seek
a solution in H} (Q).

Proposition. Let B = {v € H : |v| < K}, and suppose w; € B converges weakly to u (w; — u). Then u € B.

Proof. By definition of weak convergence, for any y € H, (w;,y) — (u,y). Choose y = u. Then:

juf® = () = lim (w;,0) < lim fuw;ju] < K
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If w = 0 then trivial else divide by |u| then done.

O

Theorem. (Rellich-Kondrachov) Let Q@ C R™ be an open set with finite measure and let u; be a bounded sequence in
H{ (). Then there exists u € H} () and a subsequence u;; such that u;; — u in Hg () and u;; — u in L? (Q).

Proof. By assumption there exists K such that
ill L2y < Nuill gy o) < K

H} () and L?(Q) are Hilbert spaces, and therefore reflexive. Because a reflexive space is isomorphic to its dual, the weak
topology on the space coincides with the weak-star topology. Banach-Alaoglu therefore implies that closed, bounded balls
in these spaces are weakly compact.

Since the weak-star topology on the closed unit ball is metric we have sequential compactness so there is a subsequence
that converges weakly in one space and a further subsequence converging weakly in the other. If this subsequence is (w;)
our goal is to prove that in fact w; has strong L? convergence.

Fix € > 0 and note that there is R > 0 to be chosen later. Parseval’s formula implies

2 1 . 2
|wj —ully = —m lw; —all; =

@)

1 D (&) — a (O R W (&) — a (O
Gy O O et g [ s ©) o)

We start by dealing with the second term.

Observe that if R is sufficiently large then, making use of the simple inequality (a — b) . (a — b) < 2 ((a.a) + (b.b)) which is
because —2 (a.b) < 2||al| 6] < |lall* + [|b]|* < (a.a) + (b.b) we get (using the proposition above in the second step)

1 (6~ (O de < o 2 (1, () + |a (6))? AK?
[ @ -w@ras g [ (16 ©F + i ©F) s <

Therefore if R is sufficiently large the ﬁ f\E\ZR |w; (&) —a (©)]? d€ term is < 5. First note that w; (§) = (wj, e—¢) 120

Note that here we use {2 having finite measure as e_¢ needs to be in L? ().

Since w; — w in L? it means by definition of weak convergence and the linear map x — (z,e_¢) that w; (§) — 4 (€)
pointwise.

For |¢| < R we have
i (€) — @ () < 2 (€)1 +2a (€)1 < 2 (Ilasl1%, + 12l )

2 2 2 2
< 2 (Ml + lull}) < 20 (2) (I3 + lul3)
last step by Holder’s inequality with the constant function 1
<4K?*u(Q) € L' (B®(0))

So Dominated convergence implies

1 / R . 2
o |; (§) — @ (&))" d§ — 0
2m)" Jig<r' '

Therefore for j large enough we established ||w; — u||§ <e

O

Corollary. Let € have finite measure. If L : L? (Q) — H} () is a bounded linear operator then L viewed as a map
L:L?(Q) — L? () is compact.
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Proof. Let (f,) be a bounded sequence in L?(2). Since L : L?(Q2) — H}(Q2) is a bounded linear operator, the image
sequence u, = Lf, is a bounded sequence in H{(f2). By the theorem above, the bounded sequence (u,) admits a
subsequence (u,,, ) that converges strongly in L?(Q). Because every bounded sequence (f,,) in L?(Q2) has a subsequence
such that Lf,, converges in L?(Q2), the operator L : L?(Q2) — L?(Q) is compact by definition.

5.4 Applications to PDEs

This example will consider eigenfunctions of the Laplacian operator as well as properties of the E function we will define
below.

For this first example let  C R™ be open and bounded, let u € Hj (Q) and define E [u] := [, |Dul? da.

We first want to prove the following statement: Let u; C H{ () be a sequence such that u; — u. Then E[u] <
liminf; E [u;] i.e. the E operator is weakly lower semicontinuous.

Consider the gradient operator D : H}(Q) — L?*(Q)". For any vector-valued function v € L?(Q)", the map w
fQ Dw -vdx is a bounded linear functional on H{(2) because, by the Cauchy-Schwarz inequality and the definition of the

H! norm:
/Dw -vdx
Q

Since u; — u weakly in H}(Q), applying this bounded linear functional yields:

/Dui-ﬁdx%/Du-idx
Q Q

for all v € L2(2)". This means that Du; — Du weakly in L?(Q2)". Using a result from Linear analysis that the norm is
weakly lower semi-continuous in the normed space L?(Q2)", we have:

< |Dw|L2|’U|L2 < |w|H1"L)|L2

|Dulr2 < liminf |Du;|gz
1—> 00

Since the E operator is exactly the squared L? norm of the gradient (E[u] = |Dul?.) and the square function is strictly
monotonically increasing on [0, 00), this directly implies:

Efu] < liminf Elu;)

i—»00
Next, define & = {E[u] :u € Hj (Q),|lull, =1} and let A; := inf (&;). Then we will now prove that there exists
wy € H} () with |lwi ||, =1 and E [wi] = Ay and Ay > 0.

Let (u,)S%; be a minimizing sequence for the set & . By definition, u,, € H(), ||un||z2 = 1, and lim,, o Efu,] = A;.
Since E[u,] converges, it is bounded, meaning there exists some constant C' such that E[u,] < C for all n. The H! norm
of u, is given by:

lunl|F = llunl |32 + ||DunlF: = 1+ Elu,] <1+ C

Therefore, (u,) is a bounded sequence in H{(€2). By the Rellich-Kondrachov theorem, there exists a subsequence, which
we will still denote as (uy,), that converges weakly in H}(Q) and strongly in L?(Q2) to some limit w; € H}(Q). Because
the convergence in L?() is strong, the norm is preserved:

||U}1||L2 = lim ||un||L2 =1
n—oo
This shows that w; satisfies the constraint to be in the set defining &;. Since u,, — w; weakly in H}(Q), we have:
Elw;] < liminf Flu,] = A\
n—oo

Hence, w; is the required minimizer. To deduce that A; > 0, assume for a contradiction that A; = 0. Since E[wy] = A; =0,

we have:
/ | Dwy [2dz =0
Q
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This implies that Dw; = 0 almost everywhere in . Since w; € Hi (), it is 0 outside  so we have a function in H!(R")
whose weak derivative is zero almost everywhere, except possibly 92 but it is 0 there too as we will prove.

Since € is open, 9 C Q°. The approximating functions ¢, € C°(Q) are identically 0 on Q°. Therefore, D¢, = 0
everywhere on Q°. Passing to the limit in Hj and considering the norm, this implies Dw; = 0 almost everywhere on Q°.

A function in LP with 1 < p < oo with a zero weak derivative on R™ must be constant almost everywhere. The reason:
Convolving w with a standard smooth mollifier ¢. produces a smooth function w. = w x .. Its classical derivative is
Vwe = (Vw) x ¢ = 0x ¢ = 0. A smooth function with a zero classical gradient on R™ is a constant. Since w. — w in
L? as ¢ — 0 since w , w itself must be that constant a.e.

Because w; vanishes outside the bounded set €2, this constant must be 0. Thus, w; = 0 almost everywhere, which implies
[|wi||r2 = 0. This directly contradicts the established fact that ||w;||p2 = 1. Therefore, we conclude that A; > 0.

We can now prove Poincare’s inequality: A ||uH§ < Jo |Du|? dz: holds for all u € H} () with equality for u = w;.

Let u € Hy(Q). If u =0, then |u|z2 = 0 and [, |Du|*dz = 0, so the inequality 0 < 0 holds trivially. Assume u # 0, which
implies |u|g2 > 0. Consider the normalized function:
u

B |u[2

Since H}(Q) is a vector space, v € H (). By construction, |v|p2 = 1, which means E[v] € &;. From earlier, we know
A1 = inf &1, so we must have:
)\1 S E[U]

Using the definition of the E operator and the linearity of the weak derivative, we can expand E[v]:

2
E[v]:/ D( u ) do= /|Du|2dx:
Q |u| 2 |U|Lz Q

Substituting this back into the inequality and multiplying both sides by |u|2L2 yields the desired Poincare inequality:

| 2
L2

Mul?: < Eul :/ | Dul|?dx
Q

To verify the case for equality, recall that there exists a wy € H}(Q) such that |w1|p2 = 1 and E[w;] = A\;. Substituting
wy into the left-hand side of the inequality gives:

Mlwi|3e = M (1) =\
Since A; = E[w1], this is exactly the right-hand side, confirming that equality holds for u = wy.
Our next goal is to prove that w; as defined above satisfies —V2w; = A\jw; in D* (Q).
From earlier, the Poincare inequality E[u] > Ai|ul?, holds for all u € H}(S2), with equality attained at u = w;. Let

¢ € D(2) and define f : R — R by:
F(t) = Elwy +t6] = Aiwr + 9|72

Note that f is a quadratic:
£t) = [ |Dwy +tDe[2dz — A\ / lwor + to[2dz
Q Q

By expanding the squared magnitudes (using |z|? = 2z) and pulling the real variable ¢ out of the integrals, you can group

the terms by powers of t:
flt) = (/ | Dw: |*dx — )\1/ |w1|2dx)
Q Q

+t </ (Dw; - D$ + Dwy - Dp — Al(w1¢+w1¢))d$>
Q

([ apor - njoyir)
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Because w; € H}(Q) and ¢ € D(Q2), all of these integrals evaluate to finite constants. This means f(t) is entirely of the
form f(t) = A+ Bt + Ct? for some constants A, B, C € R, which is smoothly differentiable everywhere.

Since f(t) > 0 for all t € R and f(0) = 0, the function attains a global minimum at ¢ = 0, meaning f’(0) = 0 and in fact
f (t) = At? with A > 0. Expanding the function:

1) = [ (1Dwr-+4D6? =l + 16
Differentiating with respect to ¢ and evaluating at ¢ = 0 yields:
f'(0) = /Q (Dwy - Dé + Dwy - D$ — Ay (w16 + Wi ) do = 2Re/Q(Dw1 D¢ — Mwi¢)dx =0
Since ¢ € D(R) is arbitrary, replacing ¢ with i¢ shows that the imaginary part of the integral also vanishes. Therefore:
/Q(le D¢ — Mwip)dx =0
Because D(2) is closed under complex conjugation, we can replace ¢ with a general test function ¢ € D(Q) to obtain:

/(le . .Dgi) - Alwlgb) dr =0
Q

By the definition of the distributional derivative for functions in Sobolev spaces, D;jwi[¢] = —w1[D;¢]. Applying this to
the Laplacian:

n
(=V2w,)[p] = Z/ Djw D;pdx = / Dw; - Dedx
=le Q
Substituting this back into our integral identity gives:

(=V?w1)[¢] = (Mwi)l¢] =0
As this holds for all test functions ¢ € D(R), it follows that —V2w; = Ajw; in D*(Q).

Now suppose x € C° () and w; is defined as above and v = yw;. Then we aim to prove that v satisfies —V?v +v = f
where the equation holds in 8* (R") and f € L? (R") and that v € H? (R") and wy € H} (Q) N C*> ().

To do this, we first need a version of the product rule for weak derivatives:

To prove the product rule for a weakly differentiable function u and a smooth function v, take a test function ¢ € C°().
We need to show that the weak derivative 9;(uv) is (9;u)v + u(9;v), which by definition means showing:

/Q(uv)ﬁiquz = —/ ((Ou)v + w(9;v)) pdx

Q

Start with the left side, group v with ¢, and apply the standard product rule for smooth functions, v9;¢ = 9;(ve) — ¢pd;v:

/Q(uv)ai(bda:: /Qu(vam)dx:/gu(ai(vqb) —qﬁ@iv)dx

Because v is smooth and ¢ has compact support, the product v¢ is also in C2°(2). This makes v¢ a valid test function
for the weak derivative of u, allowing us to evaluate the first term:

/Quai(vrb)dx—/ﬂugé&-vdx: —L(@iu)(vd))dx—/u(@iv)gbdx

Q
=— /Q ((Ou)v + u (Ov) ) pda
This satisfies the exact definition of the weak derivative for uv.
Now we go back to the main example: Let v = yw;. Using the product rule for weak derivatives in the sense of distributions

in S*(R™), we have:
—V% = — (V3w — 2Vx - Vuy — xVw,
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From earlier, w; satisfies —V2w; = A\jw; in D*(Q). Because x € C°(Q), the identity —xV>2w; = A;xw; holds globally in
R™. Adding v = xw; to both sides yields:

~V%0 +v=—(V2x)w; —2Vx - Vw; + (A + 1)xw

Let f denote the right-hand side. Because wy € H (), we know wy, Vw; € L?(€). Since x and its derivatives are smooth
and compactly supported in €2, each term in f belongs to L?(R™). Thus, —V?v + v = f where f € L?(R™). Taking the
Fourier transform of —V?2v + v = f gives:

(€7 + 1)o() = £(€)

(Note: The Fourier transform relation is allowed because L2 C L' on a finite measure space)

Since f € L2(R™), we have f € L2(R™). We evaluate the H2(R") norm of vﬁ

ol = [ (+IEPRo@R s = [ 1FOPdE = |7 = TI7Ts < o0

Therefore, v € H?(R"). Because x € C2°(Q) was arbitrary, this implies w; € HZ (). We define H; . for integer s as the
space of distributions v € D*(U) on an open set U C R™ such that yu € H*(R™) for every compactly supported smooth
test function ¢ € C°(U).

Now assume inductively that wy € HE () for some integer k > 1. For any x € C2°(Q), the right-hand side f depends on
wy and Vw;. By the inductive hypothesis, wy € HE () implies D;w; € Hllf)gl(ﬂ) for each i. Multiplication by smooth,
compactly supported functions preserves the property of being in these local Sobolev spaces, so (VZx)w; and yw; are in
HE(R™) ¢ HF1(R™), and V- Vw; € H*}(R") by adding up each component. Thus, f € H*~1(R"). Using the Fourier

transform relation (1 + [£]?)6(&) = f(£), we find:
020 = / (1+ [E[2)5+ o (6) [2de = / (14 €21 F(E)2de = |20 < oo
R™ R

Hence, v = xw; € H*t'(R™), which proves w; € H}*[1(Q). By induction, w; € H/™ () for all m > 1. By the Sobolev

loc

embedding theorem (the H* C C* thing), H{™.(2) C C\ L"/QJ_I(Q). Since this holds for all m, we conclude w; € C°°(Q).
Combining this with the initial condition, we get w; € H}(Q) N C>(Q).

Finally, we will prove that there exists Ao > A\ and wo € Hj (2)NC™ () with wy # wy and ||wa |, = 1 and —VZwy = Agws.

Let
& :={Fu]:ue H&(Q), lu|gz = 1, (u,wq) 2 = 0}

so that we seek eigenfunctions perpendicular to wi. We now repeat the earlier argument.

Since the set of admissible functions for &; is a subset of the admissible functions for &£, taking the infimum over a smaller
set can only increase or maintain the value. Therefore, \a = inf 5 > inf & = \;. Take a minimizing sequence (u;) C Hg (£2)
such that |u;|r2 = 1, (u;, w1) 2z = 0, and Elu;] — As. Because E[u;] converges, the sequence of gradients Du; is bounded in
L?(2). Since the L? norms are also fixed at 1, (u;) is a bounded sequence in H}(Q2). By the Rellich-Kondrachov theorem,
there exists a subsequence (which we also denote as u;) that converges weakly in H{ () and strongly in L?(Q) to some limit
we € HY(Q). The strong convergence in L?(Q) implies: |wa|pz = lim; o0 |ui]p2 = 1. (we,wy)pe = lim;_ oo (us, w1) gz = 0.
Since |w|p2 = |wa|r2 = 1 and they are orthogonal, ws # w;. Furthermore, wq satisfies the constraints of £. By the weak
lower semicontinuity of the E operator, we have Flws] < liminf,; o Efu;] = A2. Since ws is in the admissible set, its E
cannot be strictly less than the infimum Ay. Thus, E|ws] = Ay. To show that —V2wy = Aaws, we take variations of wsy
that remain orthogonal to w;. Let ¢ € D(2) be an arbitrary smooth test function with compact support. We project ¢
onto the orthogonal complement of w; in L? by setting 1) = 1 — (¢, w1)p2w;. This ensures (¥, wy)r2 = 0.

We define a real-valued function of a real variable ¢ similar to earlier:

o(t) = /Q (ID(ws + t9)2 — Aol + t9)da

6Where J is whatever the constant is in the Fourier-Plancherel isometry from the Fourier convention nowadays it doesn’t matter as we just
care about finiteness
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Because ws is the minimizer in & with E value Ay, g(t) > 0 for all ¢ € R and ¢(0) = 0. Expanding the squared magnitudes
using |z|? = 27z and grouping by powers of t:

mﬂ:gm+§/@m,DJ+DwTDJ—xm@J+mﬂmm+ﬁ“.
Q
Differentiating with respect to t at t = 0 isolates the linear coefficient:

g'(0) = 2Re /Q(Dwg Dizz - )\gwgi)dx =0

Because replacing v with it swaps 1; for z'zz, the exact same logic from earlier shows the imaginary part also vanishes.
This leaves:

/(D’LUQ . Di{bv - )\QU)QE)CZSC =0
Q
Now, substitute 5 =1 — (¢, wy) 27 to expand the integral:

/Q(D’LUQ m — )\QUJQE)d.’L' — (’(/)7 ’LU1)L2 /Q(DU)Q TM — Agwgm)df =0

The second integral vanishes entirely. First, fQ wowidxr = 0 because ws is orthogonal to w;. Second, taking the complex
conjugate of the distributional identity —V?w; = Ajw; and testing it against ws gives fQ Dwy-Dwidx = \q fQ wowrdx = 0.
With the projection terms gone, we are left with:

/(DU}2 . w — )\gwga)dl‘ =0
Q

Since D(R) is closed under complex conjugation, replacing ¢ with a general ¢ yields the identity —V2ws = Aows. This
concludes our first example application.

Our next example will be the equation —V?u + k?u = f where f is given and we want to find u. We will prove that if
f € H* (R") for some s € R then there is a unique solution u € H**2 (R").

By assumptions on u, f we can take the Fourier transform of the equation and we get that <|§|2 + kz) (€)= f(g) holds

pointwise a.e. We write this as 4 (§) = \g\f?(if-)w Since there exists a constant C' such that [¢|* + k2 > C (1 |§|2), it
follows that

HUHH5+2(]R") <C ||fHHs(Rn)

Therefore we have u € H**2? (R") and uniqueness follows from injectivity of the Fourier transform. Note that if s > 5
then f € C°(R") and u € C? (R™) so this gives a classical solution.

Now suppose we modify this equation so that we have the following condition. Let {2 be an open set in R™ and because

of the crashout from earlier assume that we are in the case where 0 is a plane or hyperplane. The condition we want to
consider is where f : Q — R is given and

~Viu+u=f inQ
u=>0 on 0f2

To incorporate the condition we will seek a solution u € H} () by the version of the trace theorem my reference notes
actually prove.

We will now take this equation and conjugate it, and multiply by the test function v € C2°(Q):

—V?u + T = fo

Aeme+AmmzLﬁm

These integrals converge because v is a test function. We will now assume u is C2.

Integrating both sides gives

Our goal is to simplify the integral fQ(fvzﬁ)vdx.

97



Assume 2 is the half-space {x,, > 0}. We can enclose the support K inside a finite box B = [a1,b1] X - - - X [an, by] strictly
inside © (meaning a,, > 0). The integral over ) is then exactly equal to the integral over B. Expanding the Laplacian
and applying the 1D Fundamental Theorem of Calculus to the i-th coordinate over the box:

b;
/ (—0uu)vdx; = [—0;w uv / O;udvdx;

It is the Fubini theorem that lets you extend this for a 1D integral to the whole thing where for the i’th term in the sum
you integrate the i’th coordinate first.

Because the support of v is strictly inside the box, v = 0 on all boundaries (z; = a; and x; = b;). The boundary evaluation
[fﬁmv]gii is therefore exactly zero.Summing this over all 7 = 1,...,n and integrating over the remaining variables yields:

/(—VQH)vdx:/ Z(Bﬂ@iv)dm:/m-Dvd;v
B B B

We therefore conclude that for all v € C2° () we have

/ﬁu.Dv—Fﬂvdzz/?’udz
Q Q

Therefore if f € L? () we declare that « € H is a weak solution if it satisfies this integral equation, in other words we
seek u € H} (Q) such that

(w,0) g = (f,0) 12

Note that a classical solution is a weak solution.

If f € L? then the map F : H} (C) sending f — (f, U)L2
theorem, F' must be shown to be bounded with respect to the Hg () norm. By the Cauchy-Schwarz inequality in L?:

[F@)] = |(f,v)cz| < lIfll vl z2

Use the definition of the H* norm, which is ||v]|3,, = ||v||35 + ||Dv]||3.. From this, it is trivially true that ||v||z2 < ||v]|m1.
Combining these gives:

is a bounded linear operator. To apply the Riesz representation

[E ()] < |[fl 2ol

Since f € L?(Q2), ||f||z2 is a finite constant. This proves F' is a bounded linear functional on H}((2), perfectly satisfying
the requirements for the Riesz representation theorem.

Now the Riesz representation theorem implies that there is a unique u € Hg () satisfying (u,v) 1 = (f,U)L2~ Setting
u=vin (u,v); = (f,v) ;> keeps the equation valid as C2° (Q) is dense in Hy (Q) by definition. Therefore, we have

2
lullz = (F.) o < 1Flla Nully < IFN Hull

If ||u|| ;1 = O then the following inequality holds trivially so we may divide by it to get

[ull g < 151l

Fix a compact K C € and suppose that the real function y € C¢° satisfies x (z) = 1 for all x € K. Let ¢ € S(R"), then
since x¢ € C*° (Q) we can set v = x¢ in [, Du.Dv +uvdx = [, fvdx to get

/m.D (ij))Jrﬂxgbdx:/fxgbdx
Q Q

By the product rule, we have
/ Du.x (D) + Du. (Dx) ¢ + uxpdr = / fxodz
Q Q

Since  is real it equals its own conjugate so we have

[ (DT) (Do) + D (Dx) 6 = Do (D) + ot = [ Froto
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Therefore, by the same integration by parts trick:
/ —(xu)V?¢ + 2Du. (Dx) ¢ + ¢ (V?x) @ + Uxpdr = / fxodx
Q Q

Set g := —2Du.Dx — uV?x + fx € L? (R") . Then by reality of x, v = xu satisfies

/}@(—v%¢+¢)mx:/zg@m

since everything is supported in K. Therefore we have that in the distributional sense or the &* (R™) sense that
~Vu+ov=g

By the earlier work in here and the Fourier-Plancherel transform being an isometry up to whatever constant it is, v € H?
with
[0l 2 < Cllgllzo = C"llgll 2

Also, v (z) = u(z) for all x € K so if we multiply u by a test function supported in K it is also in H2. If in reverse
we multiply by u by a test function, call its support K, let x be another corresponding test function and then apply the
above argument, it follows that u € H2  (R™).

If f € H} , then repeating the above argument g is in H! (the other terms in g are sufficiently regular by the fact u € H?)
so then u € H} . (R™). Therefore, by iterating this argument, if f € L2 N C> () then u € H} N C* (Q).

loc

Crash out time episode 2

WHY DOES THIS TRIPOS COURSE CLAIM TO PROVE THE SPECTRAL THEOREM WHEN THE PROOF RELIES
ON THE TRACE THEOREM WHICH IT LARPS AS PROVING BUT DOESN'T

I'm so sick of this bro I'm just gonna pretend like I never saw the spectral theorem existing in this course schedules I'm
gonna pray that I can still do most of Methods.

Ok moving on. Next PDE example.

Definition. Given a Banach space X and an interval I C R the space C° (I; X) is the space of continuous functions I — X.

The space C* (I; X) can be defined inductively: u € C*~1 (I; X) belongs to C* (I; X) is there exists u’ € C*~! (I; X) such

that for each t € I we have

u(t+e)—u(t)
€

lim
e—0

and C™ (I; X) is the intersection of all C* (I; X).

- (t)H =0

We will now consider the problem of given up : R™ — R find a v : R™ x [0,7) — R such that

9u — V2 in (0,T) x R™

u = ug on {0} x R"
By a convention that one is supposed to magically know that was never stated, the V2 does not include the wu;; term.
Don’t ask me why it’s suddenly this way, I don’t make the rules.

This is called the heat equation because in physics v might represent the temperature at points in space and time.

We will suppose that for each ¢ our function w (t) := u (t,-) is an element of H? (R™) and that u € C° ((0,T); H? (R™)).
We will also assume that w € C* ((0,7); L* (R™)) and u € C° ([0,T); L* (R™)).

We first aim to prove that if u € C° ((0,T) ; H* (R™)) and u € C* ((0,T) ; L* (R™)) and we define @ (¢, £) for each t to be the
Fourier-Plancherel transform of what u would be if ¢ is held constant then @ € C° ((0,T); L? (R™)) N C* ((0,T); L? (R™)).

Since H?(R™) continuously embeds into L?(R™), the condition u € C°((0,T); H?>(R™)) implies u € C°((0,T); L*(R")).
The Fourier-Plancherel transform F is a bounded linear operator on L?(R™) satisfying ||f||z2 = C||f||12 for whatever C
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is. For continuity in t, take ¢,s € (0,7"). By the linearity and boundedness of the transform, we have:
la(t) = a(s)l|r2 = Cllu(t) — u(s)]| L

Since u € C°((0,7T); L*(R™)), taking the limit as s — t gives 0, which establishes 4 € C°((0,7T); L?(R™)). To prove

continuous differentiability, consider the difference quotient evaluated in the L? norm:

w(t + h) — a(t)
h

u(t + h) — u(t)

2

— w(t) — uy(t)

2

Since u € CY((0,T); L*(R™)), the term inside the norm on the right-hand side converges to 0 as h — 0. This shows
that the strong derivative exists in L? and is given by 9,a(t) = w;(t). Because u; € C°((0,T); L*(R™)), the exact same
continuity argument applied to u; yields @; € C°((0,T); L?(R™)). Therefore, @ € C1((0,T); L%(R™)).

We will now seek a u satisfying the conditions above. Taking the Fourier transform of the equation gives the new equation

@ (t,6) = —[¢*a(t,€) in (0,T) xR
i(0,€) = o (€) £ER

For each fixed ¢ this is an ODE. The equation (¢, &) = —|€|?a(t, £) is a standard separable first-order linear ODE of the
form y' = —ky (where k = |£|?). Therefore its unique solution is given by 4 (¢, &) = g (€) et

If up € L? (R™) then @y € L? (R™) which implies that @ € C°([0,7); L2(R™). For t > 0 we have that both @ (¢,&) and
1y (t,€) are rapidly decaying (in the sense they are literally L? functions times polynomial growing functions times gaussean
decaying) functions of £ so the functions u,u; belong to every H® so u (t,x) is smooth in . By induction, since mixed
partial derivatives commute, you can just repeatedly substitute the original heat equation:

Ut = (9t(V2u) = VQ(Ut) = V2(V2u) = (V2)2 u

and so on for higher powers of n so that (9;)" v = (VQ)n u. The reason we have smoothness for the partials to commute
is: The explicit solution @(t, &) = dig(¢)e~ 6 is trivially infinitely differentiable with respect to ¢ for any ¢ > 0. Each ¢

derivative brings down a factor of —|¢|?, which is easily absorbed by the rapid exponential decay of e~tE”. This keeps
the function in H? for all s and guarantees the spatial function has all t derivatives.

We can therefore recover u (¢, z) via the original Fourier transform
1
(2m)"

Note that even if the initial condition in t is a rough function ug it ’instantaneously’ smooths itself out.

u(t,z) = / Qo (€) eft‘g‘zeig'mdg

Note that u is smooth in x,t but we need it to be jointly smooth. Here is how we prove this:

1

U(t,l‘) = W /Rn ﬁo(f)e_”ﬂzeif'xdg

Applying any mixed partial derivative 9/*0% to the integrand brings down a polynomial factor of (—[£|?)™(i&)*. For
any t > 0, the rapid exponential decay of e~t€” dominates this polynomial growth. This ensures that the differentiated
integrand remains in L!(R") and is uniformly bounded by an integrable function on regions like [, 7) x R™ for any & > 0.
By the Dominated Convergence Theorem, you can pass all mixed derivatives under the integral sign, and the resulting
mixed partial derivatives are jointly continuous. Thus, u is jointly C* on (0,7T) x R™. We have sequential continuity by
dominated convergence since we have the Gaussean thing that makes it L' away from ¢t = 0 and thus continuity of all
derivatives.

As the final example we will consider the wave equation. Again we do that very silly thing where the Laplacian doesn’t
include the special variable because silly physicist convention hahaha. The equation says determine u : R™ x (=7,7) — R
such that
uy = V2u in (=T,T) x R"
U = Ug

on 0 x R™
Uy = U
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We will seek a solution in the space
X, :=C"((-T,7),H*"*(R")) N C*((-T,T) x H* (R"))

Taking the Fourier transform in the non-t variables as above the equation becomes

fLtt (t7£) = |£|2 a (ta 5) (LE) € (7Ta T) x R"
1(0,8) =1 _
noD-n© X
Again this is an ODE for each fixed £ and this time the solution is
sin (|¢]7)

W (t,§) = 1o (§) cos ([€] ) + 1 (&) el

Suppose ug € H*F2 (R") and uy € H**! (R™). To show u € C°((-=T,T); H**2(R")), you bound the H*"? norm using the
Fourier characterisation:

2

3 t
o = [ (1622 (e cos(ele) + an©) T ae
Using |a + b|? < 2|a|? + 2|b|?, the integrand is bounded by:
sin” ([¢]¢)

2L+ [61%)" o (€)[7 cos®(1616) + 2(1 + |¢)* 2| () =g

Since cos?(|£]t) < 1 and Sin‘z(‘lf‘t) < 11++\§\227 this is bounded by:

201+ [€1) a0 (§)” + 21 + ) (1 + [€]*)*Haa ()

These integrate to 2|ug|%;.2 + 2(1 4 ¢2)|u1|3;.41, which is finite given the initial conditions ug € H**? and uy € H**'. To
show u € C%((—T,T); H*(R™)), differentiate @ twice with respect to ¢:

d7a(t, €) = —[¢[*to (&) cos([&]t) — €] (€) sin(¢]t)
The H*® norm requires bounding [(1 + [£|?)*|07a(t, &)|>d€. The squared term is bounded by:
201+ [61*)" 1€ a0 ()1 +2(1 + [§7)*[¢[* i (€)1

Since (1+]€|%)*1€]* < (1+]€]2)512 and (1+£]%)%|€]2 < (1+[€[?)*T, the integral is again bounded by 2\u0|§15+2 —|—2|u1|§15+17
which is finite.

By the bounds, continuity in ¢ for both spaces follows directly from the Dominated Convergence Theorem. Because the
Fourier transform is a linear isometry, taking the ¢ derivative of the map ¢ — u(t) in the H® norm is equivalent to taking
the pointwise ¢ derivative of i(t,£) in the weighted L? space.

Therefore if ug € H*T2 (R") and u; € H*T! (R") then u € X*. By Fourier inversion we therefore have a unique solution
in H®.

Now we will specialize to R? and assume g and u; is in the Schwartz space S.

For ¢ € §* define the distribution
1

dmt 9B:(0)

Ut )] : ¢ (y)dA (y)

To prove this is actually a distribution: By the definition of the topology on the test space (whether the Schwartz space
S or the space of compactly supported smooth functions D), a sequence ¢; — 0 implies that ¢; converges to 0 uniformly
on any compact set. To show continuity, we bound U[¢] using the supremum of ¢ on the compact sphere K = 9B;(0):

1
o)l < 3 sup lotw)] | dA(w
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Since the surface area of K in R? is 47t2, the integral evaluates exactly to this area, simplifying the bound to:

Ue[¢]] < t sup [¢(y)]
yeK

Because sup, ¢ x [¢;(y)| — 0 as j — oo in the test space, it directly follows that |U;[¢;]| — 0. This bound by the L> norm
over a compact set is the exact condition required for a linear functional to be continuous on S or D.

We define this as a tempered distribution for all ¢ € §* and in fact it has compact support which implies by a theorem
in the section on the Fourier transform in £*) that U, = Ty, where 0, (€) = Uy [e—¢] = 1 faBt(O) e~ %YdA (y). We can do
this integral in spherical polar coordinates (with the axis chosen to be parallel to ) as follows:

1 ™ 27 )
Uy (€) = — / / eIt cos(9)42 i (0) dOdg
4.7Tt 6=0 J $=0

™ 1
= z/ e~ eIt eosO) sin () df = E/ e~ eIz g,
2 0=0 2 z=-—1

N (e—ilslt el > _ sin(|¢[t)
T2\ =it —ifel €l

Now we return to our expression for u:

a(t,€) = o (€) cos ([€] ) + 1 (€) Sm|(£|ff>

=2 (a9 B0 g, g LD

- 5 (0O ™) a0 =]
Z%(ao(é)@)+a1(5)ﬁt

By properties of convolutions in the Schwartz space we have

u (t,z) = Inverse Fourier <§t (ﬁo &) /U\t) + a1 (§) /U\t)

= % (Ug % ug (x)) + Uy % uq (2)

0 1 1
=—|— —y)dA — —y)dA
ot <4m‘ /aBt(o) wo (@~ y) ) + 4rt /8&(0) w (@ —y)

0 1 1
0 = A+ — A

Define { fdA as the surface integral divided by the surface area. Then

0
=— t][ ug (y) dA +t][ uy (y) dA
ot 8B, (x) 8B, (z)

Interestingly what happens at t depends only on what happens at this sphere - intuitively this means information is
propogated at finite speed in the wave equation.
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