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1 Estimators and confidence intervals

1.1 Estimators
Lets say we have some data and there is an unknown parameter like the mean or variance of where the data came from.
For example, lets say the data is

{8, 8, 9, 13, 15}

In this case, the sample mean is the mean of the data, which is 10.6, and if the data is from a random variable X we
would call this X̄. However, the actual mean, which is the unknown quantity, is what we call µ. We say that 10.6, which
is the sample mean, is an estimator for µ.

Definition. An estimator for a parameter is any function of the data. However, most functions are silly estimators.

Definition. An estimator for a parameter θ, denoted θ̂, is said to be unbiased if we know that E
(
θ̂
)
= θ.

Example. In the above example, taking the first data point we get, X1, as our estimator would technically give an
unbiased estimator because E (X1) = µ, however we will get a much more accurate estimate if we take our estimator to
me X̄, which is still unbiased and has a lower error in general.

The other thing to know about estimators is that given some data, one can estimate the variance. You have to be a bit
careful, because you cannot just take the mean of

(
Xi −X

)2
. The reason is that in general,

(
Xi −X

)2 ̸= (Xi − µ)
2.

It turns out that you take an unbiased estimator for the variance, when n is the number of data points, if instead of
calculating 1

n

∑(
Xi −X

)2
(which generally underestimates the variance), you calculate 1

n−1

∑(
Xi −X

)2
. In level 6.3

you will see a really nice visual argument that shows why this is unbiased and not just naively making it slightly larger to
make up for the fact that it is an underestimate.
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1.2 Confidence intervals

Definition. A confidence interval for a parameter θ is an interval of numbers that we generate based on data, and we say
it is an X% confidence interval if on average if we keep generating them, X% of the intervals will contain θ. What this is
not saying is that given a confidence interval, θ has an X% chance to lie in it. The difference is subtle so I will show an
example.

Example. Given a uniform distribution from θ− 1
2 to θ+ 1

2 , if we generate 2 numbers from this, then θ lies between them
50% of the time so if we take our confidence interval to be from the min to the max of the two observations, we get a 50%
confidence interval. However if we roll 0.2 and 0.9 we know θ must lie between them, so that is the subtle difference.

Example. We will use the fact that given a normal distribution 95% of the data will fall within about 1.96 standard
deviations of the mean. Let X be normally distributed with known variance σ and unknown mean µ, then if we generate
1 data point X, a 95% confidence interval for µ would be X ± 1.96σ because about 95% of these intervals will contain µ.

2 More distributions

2.1 Geometric
Imagine we have an event which occurs with probability p and we want to consider how many trials it takes for the event
to occur. Assume trials are independent and all that.

The probability of it occuring on trial 1 is of course p. The probability of it occuring on trial n is equal to the probability
it does not occur in the first n-1 trials times the probability that it occurs on the n’th trial, which is p (1− p)

n−1.

Proposition. As is expected from the definition, the mean of a geometric distribution is 1
p .

Proof. We just need to find

∞∑
n=1

(nP (x = n)) =

∞∑
n=1

np (1− p)
n−1

= p

∞∑
n=1

n (1− p)
n−1

= p
d

d (1− p)

∞∑
n=1

(1− p)
n

In level 4 we proved we can differentiate power series inside the radius of convergence which in this case is 1, ie we are
fine.

= −p
d

dp

∞∑
n=1

(1− p)
n
= −p

d

dp

1− p

1− (1− p)
= −p

d

dp

1− p

p
= −p ∗

(
−1

p2

)
=

1

p

by the geometric series formula.

2.2 Negative binomial
The negative binomial with parameters r and p is like the geometric distribution but instead of measuring how long it
will take to get an event, we are measuring how long it will take to get r events where the probability is p.

To find P (X = n) we note that this happens exactly under 2 conditions:

- In the first n-1 trials we get exactly r-1 successes, we can calculate the probability of this using the binomial formula

- On the n’th trial we get a success, this has probability p.

We therefore can multiply these together. We get

P (X = n) =

(
n− 1
r − 1

)
pr (1− p)

n−r

Given a question like “Show that it takes more than X trials” just calculate the probability that there are at most r-1
successes in the first X trials. Given a question like “Find the probability we get the r’th success on the n’th trial given
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that the first one was successful”, treat it like a problem where the first one is removed and we need to find P (X = n− 1)
where the parameters for the negative binomial are p and r-1.

Note that since a negative binomial is the sum of r geometric distributions, its mean is r
p .

It is annoying to prove the variance of a geometric distribution, but given this and the fact that variances add we will get
that the variance of a geometric distribution is 1−p

p2 and the variance of a negative binomial is r(1−p)
p2 . We will show all

this in level 6.3.

3 Probability generating functions
A probability generating function (pgf) is defined as follows: Suppose X is a random variable that follows a distribution
that takes only non-negative integers, then we define the probability generating function of X as a function of t as follows:

∞∑
n=0

P (X = n) tn

Example. if X follows a distribution such that P (X = 1) = 0.1, P (X = 2) = 0.2, P (X = 3) = 0.3, P (X = 4) = 0.4,
then its pgf is 0.1t+ 0.2t2 + 0.3t3 + 0.4t4.

Ok enough of that lets find the pgf of some standard distributions.

The pgf of a binomial distribution with parameters (n, p) is as follows (by carefully applying the binomial theorem):
n∑

r=0

(
n
r

)
pr (1− p)

n−r
tr = (1− p)

n
n∑

r=0

(
n
r

)(
pt

1− p

)r

= (1− p)
n

(
1 +

pt

1− p

)n

= (1− p+ pt)
n

The pgf of a poisson distribution with parameter λ is as follows (by applying Taylor series):
∞∑

n=0

e−λλn

n!
tn = e−λ

∞∑
n=0

(λt)n

n!
= e−λeλt = e(t−1)λ

The pgf of a geometric distribution with parameter p is as follows (by applying Geometric series, valid if |t| ≤ 1 since
p < 1):

∞∑
n=1

p (1− p)
n−1

tn =
p

(1− p)

∞∑
n=1

((1− p) t)
n
=

p

(1− p)

(1− p) t

1− (1− p) t
=

pt

1− (1− p) t

We will see the pgf of a negative binomial shortly.

Note that if the radius of convergence of the pgf is > 1 then its derivative (by level 4) is
∞∑

n=0

nP (X = n) tn

Evaluated when t = 1 this gives
∑∞

n=0 nP (X = n) = E (X). Therefore we can find the expectation by differentiating the
pgf and evaluating it at 1.

It will follow from level 6.1 that the radius of convergence must be at least 1: We will show that power series essentially
converge in a circle in the complex plane, and since the pgf is

∑∞
n=0 P (X = n) which converges 1 when t = 1, then the

result will follow. In level 6.3 we will show that if g is the pgf, we will always get the expectation by taking limh→0 g
′ (1− h).

Note that pgf’s and all their derivatives are increasing as t increases since each term in the sum clearly is since the
probabilities are positive. This means pgfs always curve upwards, and they are 1 when t = 1.

With those technical details aside, note that the second derivative of a pgf is
∑∞

n=0 n (n− 1)P (X = n) tn = E [X (X − 1)].

It follows that

g′′ (1) + g′ (1)− (g′ (1))
2
= E [X (X − 1)] + E [X]− E [X]

2
= E

[
X2
]
− E [X]

2
= V ar (X)
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Actually, we can use this formula to get all the variance results that w will prove more directly in level 6.3. For example,
the binomial has g = (1− p+ pt)

n so g′ = np (1− p+ pt)
n−1 and g′′ = n (n− 1) p2 (1− p+ pt)

n−2. g is just a polynomial
so its radius of convergence is infinite. When t = 1, we have g′ (1) = np (Excatly the mean!) and g′′(1) = n (n− 1) p2.
Now

g′′ (1) + g′ (1)− (g′ (1))
2
= n (n− 1) p2 − np− (np)

2
= np (1− p)

where at the end I expanded and simplified. So yeah that is a neat way to derive it, but like I said we will do a direct
derivation in level 6.3.

Now, one last property: Given a random variable X that takes non-negative integers with probability generating function
g(t), if A and B are positive integers then the probability generating function of Ax+B is tBg

(
tA
)
. It is not difficult to

see why this is the case, but I will put the explanation in level 6.3.

Also, in level 6.3 we will show (It’s a really neat argument! And for technical details about infinite sums that we use in
the argument these will be justified in level 6.1) that if X1, X2, ..., Xn are independent random variables with pgf g (t),
then the pgf of X1 +X2 + ...+Xn is g (t)

n.

From this result, it follows that the pgf of a negative binomial with parameters p and r, from the known pgf of the
geometric distribution, is

(
pt

1−(1−p)t

)r
.

4 Properties of hypothesis tests

4.1 Types of errors
Recall that H0 is the “null” hypothesis, ie the “neutral” hypothesis. Suppose you carry out a hypothesis test. Then there
are two ways it can go wrong. Before reading ahead, try to guess what they are (Hint: It is the simplest most obvious
answer)!

Definition. A type I error is when you reject H0 but H0 is true and you just got “lucky” (or unlucky, depending on the
situation).

Definition. A type II error is when you accept H0 but it is false. For example, this would happen if Dream was cheating
in Minecraft but still got luck within the normal range.

Definition. The size of a hypothesis test is the probability of a type I error. This is just the significance level. We have
seen in level 3.3 that this is the “actual” significance level, which for discrete data will be different from the significance
level that we declare we will work with at the start.

4.2 Power of a test

Definition. The power of a hypothesis test is the probability, given that H0 is untrue and given the corrected parameter,
that the test will be correct (ie, not give a type II error).

Example. Suppose we want to test whether X ∼ N(30, 52) and X represents some real world situation. At the 5% level
of significance, our critical values would be 20.2 and 39.8. If we are given that H0 is false and the mean is actually 40, then
X ∼ N

(
40, 52

)
and the power of the test is 1 − P (20.2 < X < 39.8). Based on a statistical table, this is about 0.5160,

so in this case not very powerful as the actual significance level was only 2 standard deviations out. This agrees with the
intuitive idea that it doesn’t really make sense to test X by just rolling it once and we want to roll it more than once -
We will see more on this idea shortly, in fact in the next section.

5 Distribution of sample mean and law of large numbers
Let X be a random variable with mean µ and variance σ2. Then if X1, X2, ..., Xn are independent copies of X, then
by additivity of mean and variance, E [X1 +X2 + ...+Xn] = nµ and V ar [X1 +X2 + ...+Xn] = nσ2. But recall that
variance is square-linear in the sence that V ar [cX] = c2V ar [X]. Therefore, V ar

[
X1+X2+...+Xn

n

]
= nσ2

n2 = σ2

n .

This formalizes the idea that if you take many random variables the variance of the mean will get smaller, ie you will have
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a better idea of the mean. This is one variant of the law of large numbers. See the probability tripos course (level 8.4)
for more details.

6 Properties of the normal distribution

6.1 Sums of normal random variables
It turns out - by a nice geometric argument we will do in level 6.3 (the same argument that 3Blue1Brown did in his video on
this topic) - that if X ∼ N

(
µ1, σ

2
1

)
and Y ∼ N

(
µ2, σ

2
2

)
and X and Y are independent then X+Y ∼ N

(
µ1 + µ2, σ

2
1 + σ2

2

)
.

We know (since mean and variance are additive) that this has the correct mean and variance, and the surprising part is
that it is actually a normal.

Example. Let X ∼ N
(
1, 0.22

)
and suppose we have 100 identical independent copies of X and we take the mean x̄, then

what is P (x̄ > 1.04)?

The solution is by first observing that since X has a normal distribution, that so does x̄ since it is a sum of multiples of
instances of x. We also know that the variance of X is 0.22 so the variance of x̄ is 0.22

100 . The square root of this is 0.02 so
that is the standard deviation of x̄. Therefore, 1.04 is 2 standard deviations out. In a normal distribution, by a table, the
probability we are at least 2 standard deviations out is about 2.28% so that is our answer.

Note that if I give n observations from a normal distribution with standard deviation σthen my 95% confidence interval for
the mean, which before was X±1.96σ now becomes more narrow, specifically the mean is effectively a normal distirbution
with a variance σ2

n so a 95% confidence interval for the mean becomes X̄ ± 1.96 σ√
n
.

6.2 The central limit theorem
The central limit theorem is very difficult to prove, but we essentially saw it in level 3.3 when we were talking about
approximating other distributions by noraml distributions. However, we will do it in level 6.3 (using level 6.2 as back-
ground). Anyway, it says that if we let X1, X2, ..., Xn be copies of any distribution with variance σ2 and mean µ(Both
have to exist, so it is not about every distribution!), then if we add them together, shift it so that the mean is 0, and scale
it so that the variance is 1, ie we take

X1 +X2 + ...+Xn

σ
√
n

− µ

and call this Y, then as n gets large this will always approach an N (0, 1) distribution, in the sense that P (Y ≤ k) as a
sequence depending on n will approach the value that it would be if Y were N (0, 1).

One reason you might expect this to be true is that whatever distribution Y converges to, if anything must have the
property that Y + Y has a similar distribution just scaled differently, and we know this is true of the normal.

Based on numerical data (ie, this is not a theorem which we can prove just something that tends to be the case), around
n = 30 gives a good approximation, less or more depending on how bell shaped the distribution is to begin with, and
convergence is faster near the peak of the distribution and slower near the tails.

Example. Since a Po (100) is the sum of 100 Po (1) distributions, it is well approximated by an N (100, 100).

Example. Since a B (n, p) is the sum of n B (1, p) distributions (Which, by the way, are called Bernoulli distributions
with parameter p), it is well approximated by a normal distribution with the right mean and variance. In general, the
approximation works if np and n (1− p) are both not too small (so that the distribution has room on both sides of the
mean), and you will often see p ≈ 0.5 as the condition.

Even if the starting distribution is unknown, you can still use the theorem to solve problems (provided you know that the
variance exists).

For those interested,

Sketch of Level 6.3 proof. We will define the characteristic function of a distribution of X as ϕX (t) := E
(
eitX

)
. We

will show (and this will be very difficult - ChatGPT once told me you can’t do it with A level techniques which I proved
wrong on the technicality that I never said it had to be short) that this determines the distribution, that it is sufficiently

5



well behaved, and (the easier part) that the characteristic function of the standardized sample mean converges to the
characteristic function of a normal distribution (which we will compute).

7 Chi squared tests
Hehe this is the thing I was stuck on proving why it works for so long and then ended up coming up with a new proof of
it (which as far as I know has never been discovered before) which I present in level 6.3. It is very complicated. I also
have an even more complicated and clunky proof of it in the misc results section, that assumes the central limit theorem.
For now we will assume that the procedure works.

Ok so here is the procedure. Lets say that we want to test if X follows a certain distribution. In this example, we roll a
dice 60 times and we want to test if it is fair. Suppose that the table of frequencies is as follows:

1 2 3 4 5 6
11 8 10 13 9 9

These are the “Observed counts”. The “Expected counts” under the null hypothesis would be (10, 10, 10, 10, 10, 10).

In this case, there are 6 cells, and we can calculate

6∑
i=1

(Oi − Ei)
2

Ei
=

(11− 10)
2

10
+

(8− 10)
2

10
+

(10− 10)
2

10
+

(13− 10)
2

10
+

(9− 10)
2

10
+

(9− 10)
2

10
= 1.6

1.6 is the “Chi squared statistic”.

Now I will define (I will not actually define this properly) the number of “degrees of freedom”. In the above example, there
are 5 degrees of freedom since there are 6 cells and 1 constraint, the constraint being that the total of all the cell values
is 60.

Now, here is the magic part (which we will prove in level 6.3 - and I warn you the proof is not for the faint of heart, as
I said at the beginning of this section the proof is a new discovery to my knowledge as previous proofs were even more
complicated and require a math degree, I keep going on about this because of how long I spent obsessing over this because
I refuse to use things that feel like magic haha). If each cell has a null hypothesis probability (in this case 1

6 for all of
them), then as n (the total number of trials, 60 in the example above) gets large, the statistic

∑6
i=1

(Oi−Ei)
2

Ei
approaches a

distribution from a family of distributions called the chi squared distributions, and which one it approaches depends only
on the number of degrees of freedom.

In the above case, we are looking for the “5” member in the family of chi squared distributions since there are 5 degrees
of freedom.

Figure 1 shows the percentage points of the chi squared distribution, the number of degrees of freedom in the leftmost
column.
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Figure 1

Looking in the “5” row, we see that 1.6 is way below even the 0.2 significance threshold (if we are sensible we would
typically use something lower like 0.05 or 0.01), so we do not reject the idea that the dice is fair. The do not reject
language is weird, I know, but statisticians use it so I will follow the convention.

Now here is another rule that feels like magic, but actually there isn’t much to prove here since it’s based on numerical
data: If cells have expected counts under 5 we combine them (since the chi squared statistic is less accurate and n needs
to be made larger). Here is an example.

Lets say that we want to test whether X ∼ Po (2.5) and we roll 120 instances of X. Then the table of expected counts is
as follows (we could find it using poisson distribution tables or calculating the probabilities using the formula directly):

0 1 2 3 4 5 6 ≥ 7

~9.85 ~24.62 ~30.78 ~25.65 ~16.03 ~8.02 ~3.34 ~1.70

We see that the last 2 cells are each under 5. Therefore, we combine them. Our new expected counts are as follows:

0 1 2 3 4 5 ≥6
~9.85 ~24.62 ~30.78 ~25.65 ~16.03 ~8.02 ~5.04

These are all legal.

Lets do a test with this just to practice, at the 0.05 significance level. It’s fun to do this when I actually know what it
takes to prove it, lol.

0 1 2 3 4 5 ≥6
4 20 38 19 18 12 9

There are 6 degrees of freedom (7 cells minus 1 constraint which is the total), so the chi squared statistic (which turns
out to be about 13.09) is above the 0.05 significance level, so we reject the null hypothesis.

Ok, here is yet another rule that feels like magic. Suppose we are given the same data as above and we want to test if it
comes from a poisson distribution - only this time we don’t know the mean and estimate it from the data. The same rule
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works if we are testing a binomial and (with care - I will explain shortly) a normal distribution.

For the sake of example we will assume that all 9 ≥ 6 instances were exactly 6, ie our data is

0 1 2 3 4 5 6
4 20 38 19 18 12 9

Now the estimated mean is as follows:

0 ∗ 4 + 1 ∗ 20 + 2 ∗ 38 + 3 ∗ 19 + 4 ∗ 18 + 5 ∗ 12 + 6 ∗ 9
120

=
339

120
= 2.825

Therefore we ought to test for a Po (2.825) distribution. But we are estimating a parameter now so we have to subtract
another degree of freedom. This is madness, if you haven’t studied the topic of how to prove this as much as I have it
seems like I’m making up magic random nonsense rules and it’s so frustrating - this is exactly what inspired me to make
levels 4 and 6 started as an A level proof companion in the first place. How the hell is estimating a parameter the same as
a constraint - we will see a nice explanation in level 6.3. We will see in level 6.3 what kinds of parameters actually follow
this rule (It is not all of them, since there are one-to-one mappings between the set of real numbers and the set of pairs
of real numbers so we have to have some regularity. We will show that in particular it works for “linear combinations” of
the cell counts like above, as long as we satisfy some dimension constraints, see level 6.3 for more details.)

Lets do the test, now noting that the rightmost cell is ≥ 6 instead of just 6 and our estimated mean is 2.825. We test
against a Po(2.825) distribution. We get a value of 7.16 as our statistic. Comparing to the 5 degrees of freedom entry of
the table this is not statistically significant. Therefore we conclude that Poisson distribution is a suitable model for the
data.

Now, here is an example of testing a normal distribution. We cannot estimate the variance here - since it does not satisfy
the conditions that we prove in Level 6.3 and THANK GOODNESS I have never seen an A level question on this that
would force me to prove it despite the fact that it is technically in some specifications so if you see one for my sanity
PLEASE DO NOT TELL ME as I would have to deal with the bias issue and the nonlinearity and all that nonsense and
it would not be appropriate for level 6 - but we can estimate the mean and fix the variance. Lets say people have some
heights and we want to test if they follow a normal distribution with mean 170cm and variance 8cm. We will have some
data in a table as follows:

Height (cm) <155 155-160 160-165 165-170 170-175 175-180 180-185 >185
Frequency 9 14 24 33 45 43 19 13

Then we will find the probabilities, based on the normal model. To estimate the mean, we would assume all data is at
the midpoint, for example, we would do something like

4 ∗ 152.5 + 7 ∗ 157.5 + 11 ∗ 162.5 + etc

200

Anyway lets just do the test.

We get a statistic of about 20.28 which is statistically significant for 7 degrees of freedom. This suggests that either my
data is biased or my mean and standard deviation are off.

Finally we have the contingency table case. This, and the parameter estimation case above, are particularly annoying to
prove, since many texts only prove the simple case. This is how I ended up obsessing over the problem so much.

Anyway, here is how the contingency table case works. Lets say, for example, we want to test if there is correlation between
peoples Math grades and English grades and the data is as follows: (Sorry I can’t figure out how to fix the table format
someone let me know if you know how to)

English
A B C

Math
A 18 27 19
B 37 45 15
C 13 11 15
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Then if they are independent, we would have

P (A in math and A in english) = P (A in math)P (A in english)

The proportion is the number divided by the total, so we would have

EA,A

Total
=

ETotal row 1
Total

ETotal column 1
Total

Multiplying both sides by total, and generalizing, we get

ERow a, Column b =
ETotal row 1 ∗ ETotal column 1

Total

We will, for convenience, fill in the totals in the table.

English TotalA B C

Math
A 18 27 19 64
B 37 45 15 97
C 13 11 15 39

Total 68 83 49 200

Therefore, using the formula above, we get the following expected counts:

English TotalA B C

Math
A 21.76 26.56 15.68 64
B 32.98 40.255 23.765 97
C 13.26 16.185 9.555 39

Total 68 83 49 200

Now, let r be the number of rows and c be the number of columns. Now it may not be surprising that there is another
“magic” rule. The number of degrees of freedom is (r − 1) (c− 1) which is 4 in this example. We can calculate the sum∑ (O−E)2

E and compare it against the χ2
4 distribution (By the way, that is the notation for a chi squared distribution with

4 degrees of freedom). The statistic is about 10.41 which is above the 0.05 significance level for 4 degrees of freedom, so
we conclude that there is a correlation.

We will see in level 6.3 that the contingency table case and the parameter estimation case are very similar problems in a
sense.

8 Hypothesis tests with the normal distribution

8.1 Testing difference between means of normals with known variance
Setup: Let X and Y be normal with means µX and µY and standard deviations σX and σY respectively. Let X be rolled
nX times and Y be rolled nY times.

Now the distribution of X̄ − Ȳ has mean µX − µY and variance V ar
(
X̄
)
+ V ar

(
Ȳ
)
=

σ2
X

nX
+

σ2
Y

nY
.

Now, it follows that the variable

Z :=
X̄ − Ȳ − (µX − µY )√

σ2
X

nX
+

σ2
Y

nY

is an N (0, 1), since we took a normal, subtracted its mean, and divided by the standard deviation.

Therefore, if µX = µY then (X̄−Ȳ )√
σ2
X

nX
+

σ2
Y

nY

will be a standard normal which we can test against using a table.

9



Example. Suppose that in a sample of 40 boys and 30 girls, the mean weight of the boys was 58kg and the mean weight
of the girls was 55kg and the standard deviations are known to be 5kg for the boys and 8kg for the girls. Then we test if
there is a difference towards boys by calculating the statistic above. Let X represent girls and Y represent boys. Lets say
that we have a 5% significance level. In this case,(

X̄ − Ȳ
)√

σ2
X

nX
+

σ2
Y

nY

=
−3√

64
30 + 25

40

=
−3√

64
30 + 25

40

≈ −1.806

Since the 5% critical values are about ±1.64 from a table we conclude that there is evidence of a difference.

8.2 Testing the variance of a normal distribution
We will start by stating something which we will not prove here, but we will prove it in level 6.3.

If we have a random sample of n observations X1, X2, ..., Xn from a normal distribution with unknown mean and variance
σ2 then the unbiased estimator for the variance S2 will be such that (n−1)S2

σ2 follows a chi squared distribution with n-1
“degrees of freedom”. I use quotation marks because the idea of calling it that seems so dodgey to me.

Here is how we can use this to test the variance of a normal distribution. We use the chi squared table from above and
we consider both the lower and upper percentiles. Then with 95% probability we will have

χ2
n−1 (0.975) <

(n− 1)S2

σ2
< χ2

n−1 (0.025)

Rearranging gives
(n− 1)S2

χ2
n−1 (0.025)

< σ2 <
(n− 1)S2

χ2
n−1 (0.975)

This gives us a way given our n observations to use a chi squared table to get our critical values.

Example. Suppose our data is 21, 25, 23, 19, 17, 22, 29, 25. Then n = 8 so the number of “degrees of freedom” is 7. Here
the mean is 22.625 and s2 is about 14.27 (we can use a calculator to find these). Using the table in the figure above we
get that χ2

7 (0.025) is about 16.01 and χ2
7 (0.975) is about 1.69. Now we can use the formula (n−1)S2

χ2
n−1(0.025)

< σ2 < (n−1)S2

χ2
n−1(0.975)

and we get a 95% confidence interval for the variance as being between 6.24 and 59.10 (to 2 decimal places). This seems
like quite a sparse interval, but if we square root it then it is from about 2.50 to 7.69 for the standard deviation, which is
still more than a factor of 3 but it makes sense since we don’t have that much data.

If we are given
∑

x and
∑

x2 then recall that∑
(x− x̄)

2
=
∑

x2 − 2x̄
∑

x+ nx̄2 =
∑

x2 − nx̄2 =
∑

x2 − (
∑

x)
2

n

so s2 which is 1
n−1

∑
(x− x̄)

2 would be given by the formula

1

n− 1

(∑
x2 − (

∑
x)

2

n

)

8.3 Testing if two normal distributions have the same variance
Lets say X and Y are 2 normal distributions with unknown mean and variance. Then we know from section 8.2 that

(nx − 1)S2
x

σ2
x

∼ χ2
nx−1 and

(ny − 1)S2
y

σ2
y

∼ χ2
ny−1

Rearranging gives (
S2
x

σ2
x

)
(

S2
y

σ2
y

) ∼

(
χ2
nx−1

nx−1

)
(

χ2
ny−1

ny−1

)
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The distribution above is called an F distribution. The F distribution has 2 parameters, in this case the two parameters
would be nx − 1 and ny − 1. In general an F (a, b) distribution is equal to(

χ2
a

a

)
(

χ2
b

b

)

Note that if σx = σy then

(
S2
x

σ2
x

)
(

S2
y

σ2
y

) =
(S2

x)
(S2

y)
is what we are testing, and we are testing it against an F (nx − 1, ny − 1)

distribution. The table of 5% critical values for this distribution is shown in Figure 2. Note that the way it works is that
we would look in the nx − 1’th column and the ny − 1’th row to find the correct critical value.

Figure 2

These are the upper critical values. But the F distribution may also be too low which would suggest that Y has a larger
variance than X. If we are only testing if X has a larger variance, this is a one tailed test so we just use the upper critical
value, otherwise we use the lower one. To find the lower critical value, note that

- The upper critical value of (S2
y)

(S2
x)

is 1 divided by the lower critical value of (S2
x)

(S2
y)

.

Therefore, the 5% lower critical value for (a, b) in the table is the reciprocal of the upper critical value in (a, b) which we
can find from the table.

Example. Suppose 2 samples with size 6 and 7 have sample variances 13 and 18 respectively, and we want to do a two
tailed test on it. Then the upper critical value at (5, 6) in the F table above is 4.39, which is much bigger than 13

18 so we
are not critical in that direction. The reciprocal of the (6, 5) value is the lower critical value and it is about 0.202 which
is way below 13

18 so the conclusion is we do not reject the null hypothesis.

8.4 Testing the mean of a normal distribution with unknown variance
We can test for means if the variance is known - We found some confidence intervals earlier in this document. However,
if the variance is not known.

As we saw previously, if the sample size is small, s =
√
S2 may not be very close to σ and so X̄−µ

s√
n

may not be close to

an N (0, 1) distribution. However, the above quantity does follow a distribution called the t distribution with parameter
n − 1. As the sample size gets large, the uncertainty in the standard deviation diminishes and the t distribution does
appraoch a standard normal.

Although this is beyond the scope of this level, s turns out NOT to be an unbiased estimator for σ.
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It is easy to see that the t distribution does not depend on the variance - it is clear if we fix the variance to 1, and it stays
the same when we rescale it.

Therefore, given a null hypothesis for µ we can compute X̄−µ
s√
n

and compare it against a table of the t distribution with

parameter n-1 (We call this the number of “degrees of freedom” and as I am writing this I have no idea why like what
even is the “constraint” here it makes no sense). But you hopefully get the idea of comparing things against tables by
now. Figure 3 shows a table for the t distribution.

Figure 3

We can also do something called a paired t test. The procedure is as follows. Suppose that we have 2 sets of normally
distributed data (or we assume they are normal). Suppose they have size n and we have X1, X2, ..., Xn and Y1, Y2, ..., Yn,
each Xi related somehow to the Yi. For instance, it might be that Xi is the parameter for someone before some treatment
and Yi is the parameter after and we want to test if there is a difference. In this case, we just apply the normal t test
above to Xi − Yi and test if it has mean 0 against a tn−1 table.

Example. Suppose we want to test if being drunk increases reaction times and the data is as follows.

Before (X) 0.4 0.6 0.4 0.2 0.6 0.8 0.9 0.4 1.0 0.8
After (Y) 0.6 0.8 0.7 0.5 0.6 0.9 0.7 0.8 1.0 0.7

Y-X 0.2 0.2 0.3 0.3 0.0 0.1 0.2 0.4 0.0 -0.1

Here, s2 for the bottom row is about 0.037, so t, which under the null hypothesis µ = 0 is X̄√
s2

n

which is 0.12√
0.037
10

which is

about 1.96. Since the 5% critical value in the 10-1=9 row in the table was 1.833, it is significant and we conclude there is
evidence of an increase in reaction time.

Note that we are testing for a positive t value if we want to know if the mean is greater than the null hypothesis mean, a
negative one if we want to know if the mean is less, and an extreme one either way for a two tailed test.

8.5 Testing difference between means of normals with equal but unknown variance
To do what we have suggested in the title of this subsection, we calculate a pooled estimate of the variance as follows:

nx − 1

nx + ny − 2
s2x +

ny − 1

nx + ny − 2
s2y =

(nx − 1) s2x + (ny − 1) s2y
nx + ny − 2
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Where recall s2x = 1
nx−1

∑
(x− x̄)

2 and similarly for s2y. We will call this “pooled estimate” s2p. Now, something we will
prove in level 6.3 is that (

X̄ − Ȳ
)
− (µX − µY )

Sp

√
1

nX
+ 1

nY

∼ tnX+nY −2

So we want to test (X̄−Ȳ )
Sp

√
1

nX
+ 1

nY

(since we are assuming the other term is 0) against a tnX+nY −2 distribution.

I’ve done enough examples, you get the idea.
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