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1 Variances

Theorem. Let X and Y be independent random variables with well defined variance, then Var[X]+Var[Y] = Var[ X +Y]

Proof.
Var (X +Y) = (E (X+7Y) ) E((X+Y)2)
=(E(X)+E(Y))’ - E(X?+2XY +Y?)
E(X)*+E(Y)’ +2E(X)E(Y) - E(X?) - 2B (XY) - B(Y?)
=Var (X)+Var (Y)+2(E(X)E(Y) - E(XY))

So it remains to show that the quantity E(X)FE(Y) — E(XY) =0 when X and Y are independent. In fact, this quantity,
which is easily shown to be equal to E((X — F(X))(Y — E(Y))) by expanding, is called Covariance (Cov(X,Y))

When X and Y are independent, then for each possible value of X, the expected value of Y — E(Y) = 0. Since the
expectation when there are a bunch of possible outcomes is intuitively equal to the sum of the expected value from those
outcomes times the probability of those outcomes, we can apply this to the possible values of X, so the quantity

E(X - E(X)(Y - E(Y)))
becomes a weighted sum of terms like
E((z - E(X))P(X =z)(Y — E(Y)))

which is a bunch of terms like
E(constant(Y — E(Y)))

which is 0 because Y — E(Y) is always 0 regardless of the value of X due to the fact that X and Y are independent.

An important idea is that independence allows you to take (for independent variables)

E(X)E(YY) = E(XY)



2 The normal distribution
2.1 Density and variance

Theorem. The function

L (5%2)
o 27r€

is a valid probability density function with mean p and variance o

7‘/172

Z2 . .

Proof. So we have a probability distribution based on e™*", this is an assumption. We change this to e~z since it turns
out (we will prove this after) that this will make the variance equal 1. Then we have to rescale by a factor, which turns
out to be /27 (This is what we will prove, but really we just need to know that the area exists which is easy to prove,
however the square root of pi is so fun that I can’t just not show the proof) so that the area under the curve equals 1.
We will prove that the total area under e~ is /7 then it is clear that by shifting the mean the area will not change and
that if we divide x by a constant o then we are stretching the curve and therefore its area by a factor of ¢ so we need to
divide the correction factor by ¢ to compensate and keep the area under the curve at 1.
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Now, we will consider what happens if we take the e™ curve and rotate it about the y axis, like this:

Figure 1 shows a 2 dimensional normal plotted on 3D graph

Figure 1

As you can see, it now esZSentially becomes a function of the distance from the origin d, ie z = =% . Now by pythagoras
this becones z = e (@Y We want to show that the volume of this surface is 7, because then we know that if the value
ffooo e~ dzx is k then the value of, the strip of this surface for a certain y value with a small width dy (As illustrated in

the figure below) is approximately ([° e~ W) ) dy = eV e e dz)dy =(e yzk)dy,

Figure 2 shows a thin slice of the 2d normal in the above image

Figure 2

Then the volume under the surface is the sum of the volumes of these tiny strips (as dy gets smaller), ie, as we have seen

2
in the interpretation of the integral as a sum, ffooo (e”¥ k)dy = k%. Therefore, if we can show that the volume under the
surface which is k? is 7, then k = /7 as required.



The normal distribution is very special in the sense that if we take x and y independently normally distributed (which
makes the probability density become the product of the probability density for x and y), the resulting distribution has
rotational symmetry and depends only on the instance, as it becomes e*(ﬁ*yz), which is a function of the distance by
pythagoras.

Now, to prove that the volume is indeed 7, we will consider what happens if we split the volume into concentric rings, like
this:

Figure 3 shows a 2d normal on 3d graph approximated by concentric rings of the right height

Figure 3

T2

Suppose the width of the rings is dr and their distance from the originzis r, then the height of the rings is e and
the circumzference of them is 27r so the volume of each ring is 27re™" dr. So, the total volume under the figure is
fooo 2nre”" dr, again by the interpretation of integration as a sum. Note that you can check by differentiating that an

T 2 2 _p2]° Lo Lo .
antiderivative of 27re™" is —me™" . So, we have to evaluate [—7‘(‘6 " } which is 0 — [—7] which is 7 as required.
0

Comment: This is often the case in mathematics, the idea seeing things in 2 different ways is extremely common (like
here with strips vs rings).

Variance:

12 . . . . .
If we have a standard normal \/%7 ffooo e~ 7 dx then the variance is given by E(x?) since the mean is 0 by symmetry so
2

we need to work out \/% ffooo 22¢” 7 dz and show that it is indeed 1, then it becomes clear that the variance is always

0?2 due to scaling properties of variances (ie, if we were to the stretch the normal distribution by 2x, we get this effect
by multiplying o by 2 in the formula and the variance multiplies by 4 by variance scaling properties and the variance is
unchanged by shift in the mean since it is related to distance from mean)

12 z2
Now, we try integrating \/% ffooo e~z dx (which, keep in mind, is 1) by parts with e~"2 being the part to differentiate

22 —ﬁ
and 1 being the part to integrate. This will give us \/% erz] + ffooo x%e” 7 dx| (the — in the integration by parts
— 00

N

x

formula cancels with the — from differentiating the exponential). Now, since ze~ 2 goes to 0 as x goes to positive and

negative infinity (This is because clearly the derivative of a normal distribution must go to 0 on either side and this is

just minus that, or alternatively because the exponential term decays much faster than x grows), this formula, which is
2

equal to 1, reduces to the integral \/% 1= 22e” 7 dz that we needed to find.

2.2 Sums of normals

Theorem. The sum of two normal distributions is a normal distribution. This is “evidence” for the central limit theorem
in the sense that if there is a universal limiting distribution it should have this property.



Proof. In my proof of the area under a normal distribution curve earlier, I briefly discussed the idea that the normal
distribution is special since it is completely rotationally symmetrical if you plot in a higher dimensional space the probability
density function of different standard normals. Suppose X and Y are N(0,1) random variables that are independent, then it
suffices to show that aX+bY=N(0, a?+b?) since if X and Y were shifted by constants the sum would just shift accordingly
and it would all be fine. Here is the joint probability density function of X and Y visualised:

Figure 4 shows another 2d normal plotted on a 3d graph

Figure 4

As you can see, there is rotational symmetry. We actually just need to show that aX+bY is normal then we will know
from mean and variance additive properties the desired result. Suppose, for example, we want to find the probability
density function of P(3x+2y), then the probability density that P(3x+2y=k), intuitively, corresponds to the area under
the slice of the above diagram corresponding to 3x+2y=k. In the end, we will have to rescale the probability density
function of 3x+2y so that the area under that curve is 1, but it’s quite obvious we have proportionality, which is what we
actually need. Below is the slices I mean for some values of k.

Figure 5 shows the same 2d normal with parallel vertical planes on the same graph

Figure 5

Visually you can see from the rotational symmetry of the image that the function of the area under the red in each of
these planes, which as discussed is what we need, is a normal distribution, completing what is not really a proof but rather
a visual argument.



3 Correlation and regression
3.1 Residual sums of squares

Theorem. Given a finite data set, and a linear regression line y = a 4 bx, the parameters minimizing the sum of squared

distances are given by _ _
) e T (= X) (K-)

Saa 5 [(Xl B X)z}

and
a=7y—bx

provided s, # 0, ie the points do not lie all on a vertical line

Proof. The sum of squares as a function of a and b is defined as RSS(a,b) :== Y ;| (y;i —a — bx;)?. Now differentiate
with respect to a and b, since we want to find the minimum.

It is clear that the minimum exists and will be a stationary point where the derivatives with respect to a and b are both
0. Both derivatives are clearly positive when you differentiate twice so a stationary point will correspond to a minimum.
Here are the derivatives (differentiating wrt one variable implies the other is held constant):

dRSS(a,b)
_— 2 — — ’L = —2 — — 1
Ia 2221 a — bx;) g a — bx;)

=1
If these are both 0 then

n

0= i(yl —a—bx;) = Z(Izyz — ax; — bx})

i=1 =1

n n
a*n—i—bei = Zyl
i=1 i=1
since the a derivative is 0, and
n n n
DY ai+ad mi= my (1)
i=1 i=1 i=1

since the b derivative is 0. From the first equation, it follows that

1 n b n
== Y~ ) m=y-b
=1 =1

Therefore we just need to prove the value of b. We’ll do this using equation (1) and the fact that a = § — bT.

n n
me + (g —bzx sz :inyi
i=1 i=1
n n n n
b (wa —xei> =Y wyi—gy m
i=1 i=1 i=1 i=1

Therefore,

n — n
b:Zz 1x1yz yZz 1$Z
Zz 1 5” -z 27, 1Ti
n —_—
o Zi:1 Y —nxyY
Yo a? — nz?
n N _ —
Yoy Ty — nTY — NIy + nTy
Yo a? — 2nxT + na?




_ Do Tl — T i~ Ty Yit Y T
Z?:l xf -2z Z:L:l i+ Z?:l 3%2

— Z?:l (T3ys — Y — Ty; + ZY)
Doy (@F — 232 +a7)

XL (X - X) (v Y)
S (X - X))

As required.

O
Proposition. The residual sum of squares from the regression line above is given by Sy, (1 — r?) where 1 is the PMCC

Proof. Using the formula we proved above, we get

RSS =Y "(yi— (a+bx;))" = (i — bw; — § + bz)*
i=1

i=1
_ _ 2
= b@—m) = (G —vi) = szm = 2bSay + Syy = Syy — bSay
i=1

The last equality is by the form we proved of b.

52
] 2
= Syy (1 - Szz§yy> = Syy(1 —r)

Szy

Again since b = g**.
T

3.2 Correlation coefficients

Theorem. The product moment correlation coefficient is always between -1 and 1.

Proof. 1 love this one because it was one of the first time I saw different areas of maths come together.

_)
Let @ = (#1 — Z, 20 — &, ...y —Z) and b = (y1 — 4, Y2 — §» -, Yn — §). Then the formula for the PMCC is just |s|'|%‘.

But a.b = |a||b|cos(8) so we get cos(f) which is clearly between -1 and 1.

O
Corollary. PMCC actually measures correlation.

Proof. 1T mean, if you look at the proof above, you see that it’s literally the high dimensional cosine of the angle between
your vector of x deviations from the mean and y deviations from the mean! It should then be obvious that if the deviations
are close together, the cosine of the angle between them should be high, and vice versa, and furthermore the property
should hold that scaling both of them shouldn’t change the angle between them, which takes care of that part. It also
follows that PMCC is only -1 or 1 when x against y makes a straight line, as the deviation from the sample means of x
and y in that case will always be the same, just scaled by a constant, thus the cosine of the angle between them will be
-l or 1.



Proposition. If we have ranked data x and y then the PMCC between the ranks of x and y is given by 1 — % where
d is the differences between the ranks.

Proof. x; and y; are integers 1 to n in any order. Note that

Sa, ..
o r = =2 (This is what we want to find).
vV SaaSyy ( )

°
|
Il

()

°
8l
I

Now

,n(n+1)(2n+1)_(n+1)n(n+1) +n(n—|—1)

2 4
1 n+1 n+1 1 1 1 9
- Dlz@n+1)— 1 == ~1
n(n+ ){6(n+ ) 5+ } n(n+ ){12 12] 12n(n )
Note that since x; and y; are the same but just reordered, it follows that
S 2 1\ 2
Sxa::Z(Xz_X) :Z(Y;—Y) ZSyy
Therefore \/S;2Sy, = 15n (n? — 1). Therefore r = % Now,
- " n+1 n+1
Sey = X, -X)(Y;,-Y) = Xi — Y -
= (KR ) = (=) (=)
- n+1 n+1 (n+1)
= X;Y; Xi— Yi
2 ) ) i
=1
n
1 1
=3 iy ey
i=1 i=1 i=1 i=1
Note that .1, X; and Y., Y; are both @ and so
n+1n(n+ 1) n+1lnn+1) (n+1)° - n(n+1)>°
-3 X7, — - S xy, -l
Z 2 5 2 " ; 1

Note that Y7 | XZ? =31 Y2 =4in(n+1)(2n+1) = in®+ $n? + in so the Sy, expression can be rewritten as

1 n 1 n
Enn—l ZXY z;Xf_gZ;Yf
1= 1=

1 9 1 2
But now
n 2
125, 2(EnEP-) iYL (G-Y)) gy g
" n(n2—1) n(n?—1) B n(n?—1)



4 Derivations of standard results

Lemma. lim, ,. (1+ %)bz = eab

Proof. In(lim,—,» (1 + %)b“") = lim, oo (In((1 + %)bx)) (Since In is continuous so intuitively it should therefore commute
with limits. This is a standard result in analysis but since it’s intuitively true I won’t bother proving it)

This limit is equal to

tim (batn (1+2)) = blim (Z”(HZ)> — ablim (M) b L (l” (1+ i - ln(1)>

T—00 1 1 1
+—0 +—0 =—0

~—

1 a
x xT

since In(1) is 0. But this is just ab times the derivative of In(x) when x is 1, which is just ab. Since ab is the natural

logarithm of the limit, the limit is e®® as required.

O

Proposition. The poisson distribution (as we understand it intuitively) satisfies P(X = k) = e_,;)‘k where A is the mean.

Proof. Consider a scenario where the expected number of times for an event to occur in a time interval stays constant
but the amount of chances for the event to happen gets larger and the probability of it happening in each time interval
gets smaller, and taking a limit. This is what we get. We assume that h is n divided by an integer so that the binomial
distribution in question is actually defined.

Imagine making a binomial distribution with arbitrarily short stretches of time but the same mean time per event, in the
sense of

X~ ()

where h — 0 and np = A. We'll consider h to be the reciprocal of an integer just to make this make sense or whatever.

P(X = k) = lim (2)!

h—0 k! (% - k)!

pPRE (1 — ph)* "

n\k
= lim 7(’;{;? pFRF (1 fph)%_k

|~
>3

)1

(p—k)! and (%)k approaches

n

Because as h gets small, 7%;)1:)' = (%) (% — 1) (% —k+ 1) ~ (%)k where the ratio between

—~
—

h :
1. Now write the probability as
k k

o MY e AT Rk
Syt (ot i (e
Note that (1 — ph)_k goes to 1 as h goes to 0 since p and k are constant, so the probability is

AF n

— | — h

R

So by the lemma, our final formula is % As required.

O

In fact, since the poisson probabilities must sum to 1, multiplying by e* gives another proof for the exponential function
taylor series.

Corollary. The variance of a poisson distribution is A

Proof. In the binomial setting above the variance is np(1 — ph) — np = A (By the known variance of the binomial
distribution).



oy . . . . . 1— . . . . .
Proposition. A geometric distribution has mean 1 and variance +52. For negative binomial mean and variance we just

multiply by n since the negative binomial is the sum of n geometric distributions.

Proof. Mean of geometric should be intuitive. Although I will give a formal proof, think: If something has a 1/3 chance
of happening, it should take on average 3 tries for it to happen!

Mean of geometric variable x with probability p (0<p<1) = S°° nP(z =n) = 3°° ;np(1 — p)" " (This is intuitive, it
has to happen n times and happen 1 time) = p>- > n(1 — p)" L

This sum is equivalent to adding the rows of the following:

1
+(1-=p)+(1-p)

+(1—p)°+ (1 -p)°+(1-p)?

+1-p)’+(1-p’+Q-p°+1-p)°

+

We now consider instead adding the columns rather than the rows.

Technical note: Note that this does converge absolutely, since all terms are non-negative and the sum y - n(1 — p)"_1
converges by the ratio test. For details on what this means, see the appendix with technical justification of the generalized
binomial theorem in level 4. The reason this matters is that this means we are allowed to change the order in which we
sum terms.

Now we add the columns of the image above rather than the rows, giving us that the mean of a geometric random variable
with probability p is now equal to (by the geometric series formula)

p;;u p)"(1—p) fp;il_(l_p)fp;ip ]Z:o(l e el

as required.

Mean of negative binomial follows from additive property of means, since a negative binomial distribution is the sum of
geometric distributions. Variance of negative binomial will follow from additive property of variances when we prove the
variance of a geometric distribution, which we will do below:

We know E[X] = %. Then the variance is:

EIX? — (E[X]))* = E[X (X - )] + E[X] - (B[X))’ = E[X (X — 1)] + ]13 - ]%

Split E[X?] into E [X (X — 1)]+E[X]. To determine E [X (X — 1)] we will calculate the value of the series Y ;-  k(k—1)p (1 — )t

Now we substitute ¢ =1 — p.

k=1 k=1
o0 B d o0
=pd k(k—1)¢"" =P, (Z(k—l)q’“>
k=1 k=1
d > _ d > _
=p (qQZ(/ﬂ—l)qk 2) =p () (k=1)d" 2)
q k=1 q k=2

©



A G4

We could differentiate because we were inside the radius of convergence because the ratio between consecutive terms
approaches 1-p which is between 0 and 1. Continuing the derivation,

=i (7 () =i (55)

Therefore Var[X] = E[X (X —1)] +

5 Probability generating function properties

Proposition. Generating functions multiply when variables add

Proof. 1 will demonstrate why this works with an example. Suppose we have the following random variables x and y:

K 0 1 2 3
P(x=K) 0.1 0.2 0.3 0.4
K 0 1 2

P(y—K) 0.3 05 0.2

Then the generating function of x is 0.1 + 0.2t + 0.3¢% + 0.4¢> and the generating function of y is 0.3 + 0.5¢ + 0.2t2. Now
consider how we would find the following;:

1. The t* coefficient of the product of the generating functions

2. Plx+y=4)
For the first one, when we expand it, we will have a t* term from the 0.3¢2 from the first term times the 0.2¢? from the
second term, and also the 0.4¢3 term from the first term times the 0.5¢ from the second term. The products that will give
a t* term are exactly those whose exponents add up to 4.
Now, to find P(xz 4+ y = 4), consider all the possible cases: Either z = 2,y = 2 or x = 3,y = 1. So, since x and y are
assumed to be independent, we have that P(x +y =4) = P(z = 2)P(y = 2) + P(z = 3)P(y = 1). Crucially, multiplying
the probabilities that the variable equals k is the same as multiplying the coefficients of t* by the definition of generating
functions, and we do it on exactly those where x + y, which corresponds to the sum of the exponents, equals 4.

Hopefully this is convincing enough that the product identity holds.

O

Corollary. Since the negative binomial is the sum of geometric distributions we get the generating function for that for
free - it’s just the pgf of the geometric distribution to the power of n.

Proposition. If a random variable X has probability generating function g(¢) then aX + b has probability generating
function t°g(t%).

10



Proof. The reason this is true is because when we have aX all the possible values for the variables are multiplied by a and
these correspond to the exponents in the generating function which therefore must be multiplied by a. Then by adding
b we add b to all the possible values for the variables which corresponds to adding b to the exponents in the generating
function, thus it is exactly like multiplying each term by ¢°.

Proposition. lim,_ .- p'(z) = E[z] when E[x] is finite.

Proof. p' (z) =Y rpy2"!
This is increasing and bounded by E[x].

Let € > 0. Then there is N large enuogh such that Y., 7p,z"~! > E[z] — ¢ since the infinite sums are the limit of the
partial /finite sums and this is how limits are defined.

Now lim. ;- p/(2) = lim. ;- X0 rpe2m—1 > Efa] —
The result follows since € can be as small as we like.

If E[x] is infinite, then it is the same proof, we say that for each M large enough, > ", rp,2"~* > M and we do the same
limiting argument.

With the same proof, lim,_,;- p"(z) = E[z (x — 1)].

6 Unbiased variance estimator, vector approach

Figure 6 shows the geometric intuition for the unbiased variance estimator (ie, -5 times the sample variance) using the
pythagorean theorem.

N %a ,?‘jﬁ’\ﬁdﬁm'ﬂ-sl t
£ (-1)7) +E (T = £ (0-1)) )

\!w’(X)-\rE(S):Udrfx) V”(f) :UT(E){_E;?\_'F
e

= sdm = S
) ?5 it - var (X Kyt o)
Q”)\} «;‘(j,i;'- ,34) - };\-vdﬂ(%j

then Ehe resudt Fylows

e
~

Figure 6

7 The central limit theorem

7.1 Characteristic functions

Here we will define characteristic functions and prove some basic properties of them (although these basic properties have
not such basic proofs). These will play a “central” role in our proof of the CLT. If I have a probability distribution x, then

11



I define the characteristic function of x as ¢, (t) = E(e?®). This is related to the fourier transform of the ditstribution,

the fourier transform is just the characteristic function divided by 2.

What we will prove here is that if you know the characteristic function of a distribution you can reverse engineer what the
distribution was. To fully understand the proof, you will need to be familiar with level 6.2. The idea will be to show that
from the characteristic function there is a formula that lets you reverse engineer the integral from a to b of our probability
distribution for any a and b, which determines the entire distribution.

If f is our probability density function (We will generalize this shortly), then
o5 (t) = E (") = [ f(y)e™¥dy is the characteristic function.

And define, for arbitrary a and b with a<b and the cdf being continuous at a and b (the last constraint is ok by technical
results since the set of discontinuities is countable and thus we can dodge them by moving as small an amount away as

we like),
e*iat _ efibt

1 o 2
L= t)e et dt
: 2W[@¢f<>e .

The first problem we run into is that not all distributions have a probability density function f, however there is a clean
way to solve that problem. I will first mention a possible solution that does not work but I will mention it anyway because
it introduces important concepts that will be used in future levels, then I will mention the real solution.

The problem is a distribution may have atoms, which are values a such that P(x = a)>0. Say P(x = 3) = 0.2 but
otherwise x has a normal probability density function g, or the distribution is discrete. Then we say (in the first case)
that f(x) = g (z) +0.25(x — 3) where §(x) is not a function that is defined in the traditional sense, but rather a function
that when you integrate it returns 0 if your integration interval does not contain 0 and 1 otherwise. Ie, the following hold:

Jg 0 (x)h(x)dx = h(0) where this notation means integrating over all real numbers, ie minus infinity to infinity. Also,

fbé(x)dm:{l 0 € [a,b]

0 otherwise

This is called the dirac delta function. You can think of it as a spike, or as the limit of normals with mean 0 and tinier
variances approaching 0.

However, this is not enough, as not all distributions are part discrete part continuous. The solution is as follows: We
basically noticed that in the technical results document when we were building integration theory we talked about “length”,
however we can define length in a non-traditional way, ie we can say that the distance between 2 points on the number
line is the probability that one instance of our distribution lies between those 2 points. Then we call this length system
(or measure) p.

Why this is necessary: We could say we just want to prove the CLT for part discrete part continuous distributions and
then stick to f(x) notation. For 4 months, that is what this document did. However, this is wrong because it implicitly
assumes the limiting distribution is of this type. However, this is no longer an issue as finite variance (our only condition
currently) is preserved under limiting distribution.

Example:

b
/du:P(a<x<b)

/OC zdp = E(x)

—00
We can think of du as f(z)dz where f(z) is a density, it’s just that a density may not always exist, but this new length
system can be thought of as rescaling the number line by the density so that it ends up having length 1 and our distribution
is uniform on it. -
/ ?dp — B(z)? = Var(z)
— 00

o0

o5 (t)=E (") = / eWdu

—0o0

12



We will now use this notation.

Now, we come to the hardest theorem yet on this website, a title which will be dethroned in the next section of this very
same document.

Theorem. The characteristic function determines the distribution.

Proof. The idea is to try to find a way to determine P (a < X < b), and the dominated convergence theorem is a tool that
lets us do this using a limit.

Recall the definition of I. from earlier. Now we can say that

oo oo —iat —ibt
I. = 1 {/ eitydﬂ} efatgudt
2 J_ o it

— 00

1 [e's} oS} ) e efiat _ efibt
7 eztye et .
27 J_ oo J—oo 1t

is finite so that we can swap the integrals around. Note that for each fixed t,

e8] —iat —ibt o8]
. __2e —e )
/ ety et dy = / |ezty|
— 00 —0o0

Now we will show that
dpdt

efiat _ efibt

1t

676t2’

dp

o .
/ eztydu’
—o0

Since this third term equals E(e®®¥) which is the expectation of things not outside the complex unit circle, its absolute
value must be no greater than 1. Therefore,

/.

—et?

1t

efzat o efzbt

1t

efzat o efzbt

it

fe%s) ] 5
/ |6zty| dﬂ < ‘efst
—00

T 2e” it ¢
eztye et

so it remains to show that ffooo ‘e e_ia't;te_ibt dt is finite (as the factor of 27 does not change finiteness), which

simplifies our problem massively.

efiat_efdat

it

—iat_o—ibt|
It]

le

To do this, I will put some bounds on the term . This term is equal to

Now I will use the inequality |e?® — eiy| < |z — y| if x and y are real numbers not equal to eachother. The reason this
inequality is true can be shown geometrically (Figure 7):

Figure 7
Image: A unit circle on the complex plane with 2 points marked to demonstrate the “shortest distance” principle

Here, the green and blue points represent values of €@ for certain values of x. The distance that they are apart along
the unit circle is exactly the difference between these values of x, but the distance between these points is less than this
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difference, because you could get further by walking in a straight line, as that is more efficient. That is why this inequality
holds.

So, if |t|<1, our expression is less than ‘atlz‘btl
difference between two points on the unit circle, which cannot be more than the diameter of the unit circle which is 2, so

—iat _ _,—ibt . .
% dt is at most this:

2 —et?
/ \b—a\e_stzdt—l—/ =~ at
[t]<1 |¢]>1 |t‘

The first term is at most 2|b-a|. The second term will just get larger if you remove the denominator, and then it turns
into an integral which we have already proven has a finite value, which we could give in terms of the square root of pi.

which is just |a-b|. If [t|>1, then the numerator is the absolute value of the

it is at most . So, the integral 1= ‘ —et?

Now we get this after swapping the integrals and combining some exponents:

I = [ K (9) dyt where K.(y) = & [, e £ Dy

27 J—o0 it

Definition: erf (z) = % fom e~t*dt. This function goes to 1 as x goes to infinity and -1 as x goes to negative infinity. It is
essentially a cdf of the normal rescaled to go from -1 to 1.

I will now define another new function as follows:

1 o] itu 1
H. (u) = —/ e_5t2ert
— 00

Note that H (u) = 5= [~ e—st? o etedsdt.

2 its
We want to show that ffooo fou le™*"e |dsdt is finite so that we can swap the integrals around.

o0 U 9 its o0 u o its o 2 v Rl u oo
/ / le™"e \dsdt:/ / le™" e |dsdt:/ C |/ " |dsdt :/ efEtQ/ 1dsdt:/ ue=<"" dt.
—o0 JO —o0 JO —00 0 —o0 0 —00

If we use the substitution v = t1/z it will follow that this integral is u,/T which is finite. Therefore we get that H. (u) is

equal to this:
u
/ (/ zstdt>
0 —
—et? +ist = (t - )
[e’e] oo .
/ et eist s = e_é / e_e(t_%)zdt =4/ Ee_g
oo oo €

The reason we can shift by an imaginary constant step and still get the same result is because our function has a global
single valued antiderivative defined by the taylor series which converges everywhere, so you can integrate along contours
like these and get the same result

We now complete the square as follows:

To get

Figure 8 shows a contour that is the reals shifted by an imaginary constant for a large interval

Figure 8
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As we make the red part longer, we know from the shape of the bell curve that the area of the tails will go to 0, so the
limit of these integrals which are all the same as the integral along the real line will be the same as the integral along the
real line and be equal to the integral with the imaginary shift.

u

5‘2 . . .
Therefore, H, (u) is equal to i\/éfou e~ 1cds, which can be shown by the substitution v = ﬁ to be equal to %erf( 2\/5).

Now we have the following identity from the definitions:

K. (y)=H:(y—a) — H-(y = b) :;(erf(yz\_/;) ot (yQ\_/;»

Now consider what the K function approaches as € approaches 0: If y<a, then y also is <b since we defined a<b. Therefore,
both terms will go to -1 as the inputs to the erf functions will go to -infinity, so the whole thing will go to 0. Same if y>b.
But, if a<y<b, then the first term’s input will go to infinity so the first term will go to 1, and the second terms input will
go to -infinity so the whole thing will go to (1-(-1)) which is 1. Therefore, as € goes to 0, K approaches the function that
is 1 when y is between a and b and 0 otherwise, and it approaches % at exactly a and b, but this doesn’t really matter.
What does matter is that K is always between -1 and 1.

Recall, we had this:

I = [72, Ke () dyp where Ke(y) = oo [7 e gt

We know that since f is always positive and the integral of f over the reals is 1 since f is a probability distribution, and
K is between 0 and 1, define f,, (y) == K1 (y), then f, (y) is bounded above in absolute value by 1 which has a finite
integral, so dominated convergence applies.n Since f, (y) converges pointwise to 1 when a<y<b and 0 otherwise (and what
happens at exactly a and b does not affect the value of the integrals), we know by dominated convergence on f, that as
e (or 1/n, same thing) goes to 0, I. goes to ff dp. But I. was defined only in terms of the characteristic function and we

just determined fab dp where a and b were chosen arbitrarily.

O

Theorem. If the characteristic function of a sequence of probability distributions converges to a function which is the
characteristic function of some distribution, then the distributions converge to the probability distribution with the limit
characteristic function.

—et?2 —iat

Proof. To do this, we will define yet another function. Let L. (t) = < e —e”™ then I. = 7 o (t) Le (t)dt. L.

27 it
is integrable with the same proof as earlier and bounded by l’;—ﬁa, so if our sequence of characteristic functions ¢, (t)
converges pointwise to ¢ (¢) then ¢, (t) Le (t) converges to ¢ (t) L. (t) as n goes to infinity. Also, |¢,(¢)|<1 from earlier,
SO |¢n(t)Le (t)|<|Le (t)]. Therefore all the hypotheses for the dominated convergence theorem apply, so the limit of
ffooo ¢n (t) L (t) dt is indeed I.. Therefore, letting ¢ approach 0, we have that the probability our distribution lands

between a and b approaches that probability for a pdf with cf ¢ if the cf’s converge to ¢.

O

Note: This means the distribution converges if the cf converges, in the sense that the weight of the distribution on any
interval converges, but the probability density function need not converge pointwise. Convergence in distribution actually
means the cumulative distribution function converges pointwise at all points where it is continuous, which this satisfies
since we showed that all integrals of the pdf converge so the cdf converges.

7.2 Proof of CLT

We will prove this for distributions that have a probability density function that have finite variance. The cauchy
distribution is an example of something that does not work due to not having finite variance — In fact for the cauchy
distribution the CLT is not even true.

Setup: Let X7, X5,... be identically distributed and independent where each has mean 0 and variance o which is finite.
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Define the normalized sum S,, = %

Theorem. (The central limit theorem) S,, — i converges in distribution (in the sense of convergence of the probability of
it falling within any interval) to N(0,1).

Proof. Note that if our variables do not have mean 0 we can shift them so that they do and still apply this argument. S,,
has mean 0 and variance 1 so it is standardized, and the goal is to prove that as n gets large, S,, is well approximated by
a standard normal, as this is what the central limit theorem says. The characteristic function of .S,, is

(R R G - p () £ (469 g ()

by properties of exponents and the fact that with independent things we can split expectation and product. Therefore,

n
¢s, (t) = ((Zﬁx (af\t/ﬁ)) . Therefore, we will prove that ¢, (u) = 1 — "22“2 + o(u?) where o(u?)means that as u goes to 0
this gets much smaller than u?, ie if u is small enough this becomes smaller than an arbitrary constant times u?. We will
2
then be able to put u, = ﬁ to get ¢y (uy) =1— % +o0 (%), where this time o (%) means that it if n is going to infinity
this gets much smaller than % by any arbitrarily large constant.

Note that here, most proofs expand e® as a taylor series, but this is not justified since after this a swap of expectation

and infinite summation that is not justified normally takes place. Below is the rigorous way to do this.

Define for real y
2

R (y) ::eiy—l—iy—i—%

1 ] isy 1 1 _isy 1 iS5y ! 1 1y 1
/ (1—3)€lsyd8= [(1—8)6, :l +/ 6. ds = —— + 672 :—.*“1‘%—_72
0 Wl Jo W WGy |, W () (i)

Where I have used integration by parts with u=1-s and v=the exponential thingy

Therefore e — 1 — iy = (@y)Q fol (1— s)e*¥ds

So ) .
1yl =[] [ - serasi <o [ |- 9er]ds
0 0

1 4 1 Y2
:yz/ \1—s||e“y‘ds:y2/ |1 —s|ds ==—.
0 0 2

v
2

Therefore,

IR(y)| < e —1—iy|+ 5 <y

Now notice that ) )
(zy)Z/ (1—s) (" —1)ds =e"¥ — 1 —iy — (zy)2/ (1—s)ds
0 0

1 2
:ezy—l—iy+y2/ (1—s)ds:ely—1—iy+y?:R(y)
0

So,
1 1 5
R =) [ (=) (e = 1)ds| <o [ (1= 9)slylds = 1
0 0
Now define h for real numbers as follows:

R(y)

=5 y#0
hy)=1 "

0 y=0

By our two bounds on R(y), h is always bounded by 1, and since it is bounded by y/6 it goes to 0 as y goes to 0.
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Now, using F(X) = 0 and therefore that E (2°) = E (2%) — E (z)® = 62, we have that

¢(u) = E[e™X] =1+ iuE[X] - U;E[XQ] + E[R(uX) =1- o*u?

+ E[R(uX)]

Now, by definition of h,

dw) -1+ 5 o {R(“X)} = B [h(uX)X?]

Therefore if this goes to 0 as u goes to 0, we have o(u?) so we will be done with finding the cf of x.
We want to prove limy_,o -5 E [R (uz)] = 0 where R (y) = €' — 1 — iy + % and F[R (uz)] = fol R (uzx)du

Define the sequence of functions (parametrized by v — 0):

But notice from the proof:

LB REx) = & [A)]
and we write
ROX) ) x

and for all y, |h(y)| < 1 as discussed earlier.

Parametrized by u — 0 essentially means we can define a sequence of functions g,, by setting u = 1/n, similar to what we
did before. Now, since |h(y)|<1, we have E [h (uX) X?] = fol h (uz) z2dp

Where the integrand is bounded above by the function z?f(x). This is integrable because Var(x) is finite. This is an
assumption of the central limit theorem. If Var(x) is not finite, the central limit theorem is not always true! The cauchy
distribution is an example of this. Also, since h(y) goes to 0 as y goes to 0, we can do as follows:

h(uz) = h(0) =0

h(uz)z® =0

So our integral converges pointwise to 0, so all the hypotheses of the dominated convergence theorem are met, so this
term that we needed to go to 0 goes to 0, so done.

n
Ok, now to find the characteristic function of S,,, remember that it is (gbm (ﬁ)) so therefore since the characteristic

n
function of x is 1 — % +0(2),the cf of S, is (1 — % +o( )) , which by the same limit we used in the poisson distribution

1 1
n n
2
proof, goes to e~ 7 asn goes to infinity. Now it just remains to show that this is indeed the cf of a standard normal, and
we will be done at last. The cf of a standard normal is (since it has a pdf in this case)

/oo 6_% ityd 1 /OO —% ityd 1 /OO —% y2—21'ty)d 1 /oo —%((y—it)z—tz)d
—e = — e e = — e : = — e
—oo V2T Y V2T J s Y V2T J oo 4 V2T J oo Y

1 7t2 /OO 7l( 7.t)2 7t2
= ——e e W dy =e
V2T PSS Y

Where we have used the same contour integration idea as in the characteristic function proof.

O

Note: The reason we did not just use the taylor series expansion like other proofs is because we have not justified swapping
expectation with an infinite sum.
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8 Chi squared tests

This is where uniqueness of characteristic functions gets dethroned as the hardest thing we prove in this website.

The problem is defining what a degree of freedom is AND showing that the test statistic Zle (0’57&)2 is well approxi-
mated for fairly large n by a distribution that depends ONLY on this number. And in the proof we will better understand
what this distribution (That you are taught is a chi squared distribution) really is. We will prove 3 claims that will on

their own explain quite well why chi squared tests work and then use them to prove a master theorem which says that
the cumulative distribution function converges to this distribution as we add more trials to any fixed model.

Definition. A random vector is a vector of random variables that are possibly not independent. It may have its own
probability density function of multiple variables and it always has its own cumulative distribution function.

Now the setup of a chi squared test is that we have a list of probabilities of several events determined by the null hypothesis.
111111

For example, for testing if a dice if fair, this list is (67 5566 g), and in this proof we will call these (p1, p2, p3, P4, P5, P6)
Now if we roll the dice 120 times, our probability distribution becomes a lattice in 5D space with the “mean/expected”
vector being (np1, nps, ..., npr) = (20, 20, 20, 20, 20, 20) in this case. In general the lattice is in (k-1)-D space where k
is the number of cells in the table, since we have a constraint that the sum of all entries in the table equals a fixed total,

which causes the dimension to decrease by 1.

If we are testing something like a binomial distribution and use the data to form our null hypothesis, then we are assuming
that the true mean is the same as the mean estimated by the data we got, which is effectively finding the probability
distribution given that we have that linear constraint, and this reduces the number of dimensions that the distribution
lives in by 1, provided they are independent from other existing constraints. This dimension count is exactly what we call
the degrees of freedom.

Now similarly if we have a contingency table then fixing the first r-1 row totals adds r-1 constraints and fixing the last
row does nothing as fixing the rest fixes the last one automatically, and similarly we have c-1 constraints for columns and
each one decreases the dimension of 1. Since the unconstrained model has rc-1 degrees of freedom as there are rc cells,
the constrained model has rc-r-c+1 degrees of freedom which is (r-1)(c-1) if you expand it.

Therefore the first step of understanding what a degree of freedom is is done.
From now on I will use z,. to denote the r'th entry of a vector x.

Now consider our contingency table or list of observed data to be a random vector X and total n and number of cells k.

will consider the random vector with general r’th entry /n ('T:/;i”), where we note that the expected value of Z, is p,

(In the dice example, the number of ones divided by the number of rolls would be 7 and the expected value of this is

p1 = %) This begs the question of why we are specifically considering the vector given by /n (%), which is what

I call the standardized version of m, or m moved to the standardized world, where m is what I am calling the random
vector of the table itself. The answer is because of what happens when you compute the square of its magnitude.

(@Tr—pr)?
Pr

The square of the magnitude is the sum of the squares of its components. This is Zle n . Lets now multiply the

n?(Ty—pr)> _ Zk (nZr—np,)> _ Zk (0, —E,)? .

e r=1"" mpn r=1 5, Exactly the test statistic.

numerator and denominator by n to get Zle
Now a chi squared distribution is defined as follows:

Take a normal distribution in k dimensions where each component of this k-dimensional random vector is N(0,1) and they
are all independent, then note that the probability density of this function is rotationally symmetric (This is a property
of the normal distribution we discussed earlier and it comes from pythagoras — this property is why it comes up so much).
A X3 distribution is defined as the distribution of the square of the absolute value of this random vector, or the sum of
the squares of its components, or the sum of the squares of k N(0,1) variables.

Ly —Pr

Therefore, we want to investigate /n ( ) when constrained to lattices in the plane and hope that we can show that

it is standard normal so that we get the result we want. To do this, we will show that the probability of all versions of
the contingency table approach what a normal distribution would predict, in a precise sense described below. It is not
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enough to merely show that the total-only constraint version converges to a k-1-dimensional normal and then assert that
constraining a k-1 dimensional normal to s-dimensional slices gives an s-dimensional normal, as although this is true, if
the actual probability distribution of tables had a small number of bad slices, the whole k-1 dimensional thing could still
converge to a standard normal. This is essentially what I did in the old version of the proof, although with some bounding
arguments to try to rule out this behavior which may have been enough to derive a contradiction if we had a bad slice
for infinitely many n but this approach is cleaner and more robust. Therefore we need to control the probability of each
table configuration, as if we do that instead of controlling just the limiting distribution which allows for probabilities of
nearby tables to oscillate and average out and generally behave badly, it will be enough. Note that we only consider linear
constraints (ie, constraints to flat regions, not curved regions) in this proof.

Philosophical remark: The statement “Chi squared tests work” is not very precise so we need to pick a statement that will
justify that chi squared tests work. So here is that statement:

Take the vector of expected values and the nearest lattice point in the unconstrained version of the distribution (there is

one at most 1 count away in each cell) and call this table m*, and let y be ’\/ﬁ (%)‘ (the “standardized” vector). Also

fix a 0 < e < ¢ (it will be later that we see why the upper bound was ¢) and a region R defined by |z — E| < nzte, and
let m be an arbitrary table. Here x is the counts vector.

Then we claim that

1. p(meR) > 1asn— oo

p(m)yZIDAOasn%oo

2. SupmGR ( p(m*)eié
19(m)1
p(m*)e” 2

probability of an arbitrary table and the probability of the peak table is about e~ 3lyl®

Note that we are considering the ratio here as the standard normal predicts that the ratio between the

ly|2

In english, we will show that for large enough n, the probability of any table in a region with probability approaching 1
as n gets large can be made close to the prediction of the standard normal with as narrow of a margin as we want, and
also that this is true when conditioning to a lattice.

P(m)l -1
p(m*)e_f‘y‘Q
isn’t a good example as m depends on n, but the idea is we want uniform convergence instead of pointwise convergence
(which we defined and discussed in Level 6.2). Note that we need uniform convergence for this proof because it allows
us to pass the limit through the integral at the end, which is why we add in the supremum operator, because we need to
show that there is a fixed n where the normal approximation is fairly good everywhere.

Note a subtlety here: If we merely showed that — 0 for each m this would not be enough. I know this

At this point, Claims 1 and 2 give us uniform control over the probability of every table in the central region R. Because
this control holds table-by-table, we are allowed to impose a linear constraint and reason exactly as in the continuous
normal case: inside R, conditioning simply restricts us to a lower-dimensional normal shape (by symmetry, as explained
earlier). What is not yet guaranteed is that conditioning cannot concentrate a significant amount of probability into the
tails, since Claim 1 only controls the total probability of the tails before conditioning. A third claim is therefore needed
to show that the tail bound from Claim 1 still holds after conditioning, so that almost all of the conditional probability
remains inside R.

3. Define Ry by |z — E| < Anste (where A is a constant that depends on the specific probabilities but not on n which
we will explain how to find in the proof of the lemma) which still has probability going to 1 by precisely the same proof
as part 1 of the claim. Then the claim is that for any S intersecting Rz, p(m € R | m € S) — 1 as n — oo where S is any
lattice we constrain to: We need this because we only have control inside R by parts 1 and 2 so in principle there could
be “bad lattices” where this does not hold without contradicting part 1 provided this happens with probability going to 0
as n — o0o.

Subtlety: We need it to be the case that the set of possible points in the lattice we constrain to does not have lower

dimension than the lattice we are constraining to. What I mean is, if the table was 2 cells that both have 1 and 1, then
a constraint like “v/2cell 1 + cell 2 = 1 + v/2” seems like we are constraining to 1 dimension, but really the set of tables

19



actually in that constraint is 0 dimensional. Luckily, in all practical cases, it is easy to show that this dimension thing.

Example. If we have an r * ¢ contingency table then we can change it in (r — 1)(¢c — 1) independent ways and still get
a valid contingency table, unless one of the cells is 0, but as we will see later in the proof this is not an issue. We can
do this by picking a row number A between 1 and r-1 inclusive and a column number b between 1 and c-1 inclusive and
doing the following:

- Add 1 to the (A,B) and (r,c) cells
- Subtract 1 from the (A,c) and (r,B) cells

This leaves the constraints satisfied and there are (r-1)(c-1) directions we can move in this way, so that is the dimension
of the set of possible tables.

Example. If we have the specific case where a cell counts the number of 1’s, the number of 2’s, etc, and we are estimating
the mean, and there are k total cells, then my k-2 possible moves (for each i from 2 to k-1 inclusive) are to remove 2
counts from the i’th cell and add 1 to both the i-1 and i+1’th cell, leaving the mean and total unchanged.

Since we control the probability of every single possible table as well as the behavior in every slice in the “almost certain”
zone, we can say confidently once we have proven this that chi squared tests work better as n gets large as if n is large
enough we will eventually have to go far into the “rejection zone” to run into issues anyways.

Note that in the unconstrained model, |m* — E| < v/k. This is because there exists a possible table within a distance vk
of E and the reason is because we can round everything in E down and then add 1 to each component until the total is

correct, and then each component will be within 1 of E and it will be a possible table with distance at most vk from E.

Lemma 1. (Stirling’s approximation) For all positive integers n, 27m(%) <n! < 27m(%) "etzm

Proof. Define d,, := log ( nle” ) log (n!) — (n+ 1) log (n) + n
Then d,, — dpt1 = log (n!) — (n+ 3)log (n) + n —log (n+1)!) + (n+ 2)log (n+1) —n — 1

1
dp —dpi1 = —log(n+1) — <n+2> log (n) + <n+2>log(n+1)—1

dy — dpsy = (n+ 1)10g( )+<n+ 1)log(n+l)—1— (n—k;) <1og<”:1>> 1

Now do the substitution ¢ := #ﬂ n = % Then d,, —dp+1 = (7 ) log ( 2;“) 1
1 1+¢
T (1 - t)
Note that by the log taylor series, log (1 + t) = % + g — % + ... (Jt|<1 automatically by how t is defined here so it is

valid), and log(l—t):7<t+5+§+ )

Therefore 5-log (%) —1=glog(l+t)— Llog(1—1t)—1

1 2 3t 1 2 3t
=_—(t——=+—4+"-+.. .+ (t+=—F+=+—4+...] -1

2t 2 3 4 2t 2 3 4
L 2+2t3+2t5+2t7+ 1*1+t2+t4+t6+ 1*t2+t4+t6+
T 3 5 7 B 35 7 3 5 7
t is positive so d,, — dp4+1 < % + % + % 4+ = %122 (geometric series)= m by definition of t. By simple

algebra this is = (l — i)

12 \ n n+1

20



Now apply the method of differences/telescoping. dy —d,, =dy —de +do —ds + -+ dp—1 — d,,

S O U U O W IR R A S N O
12 \'1 2 12\2 3 12\ n—1 n) 12 n

Note that d,, — d,,+1 is positive so d is a decreasing sequence, and for all n, d,, is bounded below by d; — 1—12 for all n by
the inequality above. A decreasing sequence that is bounded below converges and therefore our sequence d,, converges to
a limit which we will call A which is also a strict lower bound for all terms d,, in our decreasing sequence.

Now let m > n, then d,, — d,, <1—12(%—%H)+%(7#1_%+2)+ . +%(ﬁ_%):112 (£ — L), Taking the limit

as m — oo we get that d,, — A < —— (not strict as a sequence always strictly above a value can converge to that value).

— 12n
Therefore A < d, < A+ 12n

Now we will do some magic by working on a seemingly irrelevant integral where A magically pops out.

™

2

= sin” = [—cos (#)sin™ ! 2 n— sin” "2 (#)cos?
I, = /0 sin™ (0)df = [—cos (0)sin™ (6) ] + (n— 1) /O (8)cos?(6)d0

us
2

Where we did integration by parts integrating sin and differentiating sin™ ! () and were careful to not flip any minus
signs the wrong way even when we had double negatives to deal with.

I, =(n—-1) fO% sin2 () — sin™(0)df because the breacketed part vanishes to 0 and we have the pythagorean identity
cos?(#) = 1—sin®(#). Thus I, = (n — 1) (I,_o — I,) so nl,, = (n — 1) I,_5 so we have our recurrence relation I,, = 2l s
for n at least 2. Since Iy = § and Iy = 1 by basic calculus we have the following:

I, = %% 23711 2 and Ispy1 = % 2n+1 by the recurrence relation. It is also easy to see that I,, is a decrerasing
sequence since the functlons sin™ () are decreasmg as n increases as 0 < sin” (0) < 1 everywhere in the domain except at

4
5

. Therefore 1 < 12" <lno 74 L by the recurrence relation and therefore — 1 and similarly so does Lonoy
n+1 I2n+1 2n I I 2n
I 13 2n—-1n7 1%2%3%---%2n T (2n)! w
2477 2 2 2%2% 4% 4k 420202 (pi2n)’ 2
24 2n 2% 2x4xd% - x2n*2n (n12m)?
Ly =5+ = =

357772041 1%2%3x%---x2nx(2n+1)  (2n+1)!

Note that when n is large the ratio between n! and n"tze—n+4

by the definition of A and the definition of d,,.

converges to 1 as the log of the difference converges to 0

@en)! x

Iny  _ (m2m22 _ (2n)!2ntl)lr _ ((2n)1)?
Now poas = S = gy~ = 7 (2n+ 1) | siarigme
2t [CLESY]
(2n)!e?™
((2n)!)2 _ (2n)2"+3 e~ 4n B e2dan etn e~ 4n B e2dan 1 1
Ant1(nE  oanti(ond T—an — 4, dnt2 —1—4n — 9dntlgdd, pint2 “1—4n
2 (n!) 2 (nh)" (2n) 9n+1( nlen \" N (2n) e*in n (2n)
nn«i»%
e2d2n 1 1 62d2n 1

T 9dn+lgdd, pAn+2 9—l—dnpy—1—4n  dd, g

As n gets large the ratio between this and 2,4 — 1 and thus the limit as n goes to infinity of the ratio II% =

T (2n+1) {((L)')J (which we know is 1) is exactly the limit of 7 (2n+1) —5x = 2%, and therefore A must be

24n+1 (nl)

log (\/ 27r). I told you this would me magic!

Thus, we are about to get the lemma.

1
A<d, <A+ —
<y SA+ -

| P

log (\/ﬂ) < log <:nj—;> < log (x/ﬂ) + 1

12n
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|
Vo < nn

n

nle™ 1
V2mn < p < V2mnetm
n

27771(@) <n! < \/%(E) eT2w
e e

e" 1
11 S V2mreT2n
2

O

Remark. \/Qﬂn(%)neﬁ is far closer to n! in practice than the lower bound, in fact it is possible to show that

v Qﬂn(%)ne =077 is a lower bound and strict inequalities are true for both bounds but we will not prove this as al-
though it is not too difficult it is quite long and technical and the bound given above is sufficient for the proof we will
do.

Proof of part 1 of the claim:

We will work on the unconstrained model for now since the bounds we will get on the probabilities will allow us to
condition onto sub-lattices later.

1.
Suppose |z — E| > nzTe but for all r from 0 to k, |0, — E.| < % Then we would have |z — F| < nzT¢ by pythagoras
(|l — E| = \/Z:fﬂ O, - E) <Yk, "1,:25 = V/n1+2c = p3+e) Hence |z — E| > n2 "¢ implies that there is at least one

1.
r with |0, — E,| > "\2/% . But the r’th entry of the vector is on its own is distributed like a binomial distribution (minus

the mean) so is standard deviation is proportional to v/, so the number of standard deviations away the r’th entry of the
vector would have to be from its value is proportional to n® which goes to infinity (slowly) as n goes to infinity.

We want to show that the probability of the r'th component being out by that much goes to 0, as it will then follow that
the probability of any of the k components being out by that much is 0 since it is a fixed number (k) of separate events
each with probability going to 0. Well, it seems obvious that being out by an unbounded number of standard deviations
has probability approaching 0 but we want to show this rigorously.

E(y)

Therefore we will prove an easy inequality (due to markov) that says that P (y > a) < where y is any distribution.

The proof is that E(y) > E(y |y >a) > E(a |y > a) = aP(y > a) so rearranging gives the desired result.

We prove another easy inequality (due to chebyshev) that says that for any distribution x we have that

Var(x)

P(le—E(@)| >t < =

z—E () > t2> < Yar(®) g equivalent to what we are claiming but it is just the

The proof is simple: Just note P ( 72

above inequality applied to |z — E (z)]*.

Therefore, since Var (0,) = np, (1 — p,) < n, taking t = T Then the inequality above gives that

Var (z) kn

_ —2e
2 e — kn — 0

P(|O, —E.|>t) <

Note that from now on I use m,., O, interchangably to mean the same thing.
Proof of part 2 of the claim:

We need to better understand the probability of a particular table in the unconstrained model. The idea is we can get it
in terms of factorials then apply lemma 1.

Suppose the total is n and the counts are my, ms, ..., mg. Then we will argue as follows:
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We do n trials and the number of ways to interchange the order of these n trials is n!, however for each possible outcome,
the order of those is irrelevant (For example, if you roll 120 dice, then we can change the order that we got the 1’s in
20! Different ways without changing the overall order). Therefore the number of possible ways to order the trials without
distinguishing the same outcome is exactly ;—4——, and the probability of one particular ordering is pi"' p5"* ... pp"*

Therefore the exact probability of a particular table is

M2
|m21 mklpl p2 . pk

Taking logs of lemma 1 gives log (m!) = (m + 3) log (m) — m + $log (27) + ry, With 0 < 7y, < 5.

\/':7 + 0 (n*%)

Here when I use say O(f(x)) I mean there exists a constant C not depending on n or m such that for all m in R the thing
we are saying is |O(f(x))| is less than Cf(x)

Now set h; :==m; —m} = O; — E; + O(1). Therefore in the standardized world, y; =

log (P (m)) = log (n!) Zlog m;! +Zmzlog D;)

By lemma 1,
1 1 k 1 1 .
log (P (m)) = <n + 2) log (n) —n+ §log (2m) +rp — ; <mi + 2) log (m;) —m; + ilog 2m) + 1, + ;milog (pi)
1 k 1 1 k
log (P (m*)) = <n + 2> log (n) — n + flog 2m) +r, — ; ( 2) log (m]) —m} + ilog (27) + rmr + ;m;klog (pi)
Then

log (P (m)) — log (P Z(m >log(ml) i + T, +Zhlog i —l—Z(m + >log( 1)+ T

= i=1 =1

Then the remainder terms contribute ‘Zle Tm; —

i1 12 = — —‘ by the triangle inequality.

If n > 5 for all i and we are in R, m; > m} — n% > 1npi which is a constant times n. Therefore, if n is large enough,

Zf:l TWLM - ( )

1 hl
i=1 12

% . h. O(n2%® e—%
mi:mi(l“r‘ui)WIthui:m—’%:W_O( )

i

Write A (m) = log (P (m)) — log (P (m*)) = Zle (m; + 1) log (m;) + h; + hilog (p;) + (m} + 1) log (m}) + O(n°~ 2)

. e
Write m; = m} (1 +w;) so u; == 24 < #0(1) =0 (ns_%)

We note that > h; =0 so

A(m)zZ—(ml 1)10g(m1)+h10g(p1)+<m+1>10g( S 40m )

Now (m; + %) log (m;) = (m} + h; + %) (log (m}) + log(1 + u;))

Therefore

k
= Z_ (TTLf +h; + ;) (log (m7) + log (1 + u;)) + h;log (p;) + (m n 1) log (m?) + O(ne= 1)

i=1

k 1 1 1 _ 3
A(m) =Y —mflog (m]) — hilog (m]) - Jlog (m}) = mflog (14 u;) — hilog (1 + u;) — glog(l + ;) + hylog (p;) + (mf + §> log (m}) + 0(n"" 2)
i=1
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k

= Z —hilog (m
) k

Z h;log (m

B (log (m?) — log () = by (1og (=

*

)

3w o) et - 30 (0 (1)

i=1

This is because Y h; =0

Then
k

A(m) = Z —mlog (1 4 u;) —

i=1
k

A(m) =" —mjlog (1 +u;) — %1og (14 u;) +O0(n°™ 2)

i=1

Rs (x) =

A(m):zk:—mi <u ; u? +

i=1

2 1
Note that by definition h; = m}u; and m; = m} (1 +

Therefore since Y h; = 0 we get that

Zmu—i— —m;U

Now use the fact that u; = TZ to get

—mjlog (1 +u;) —

1
Zu? + Rs (u;

1 1
mzRB % +Z_7uz+4

1 1 1
*UZQ + ihl’u, mZRg ’U/Z + Z 7u1 + = 4

1
hilog (1 + u;) — ilog (1 4+ u;) + hilog (p;) + O(n®

1 .
—milog(1 +u;) — 51085 (1+u;) + hilog (p;) + O(n°~ )

m)) = h; (log (n + 0O (1))) = hi(log (n) + O (:L))

1
hilog (1 + ui) — Slog (1 + i) + O(n*" 7)

22
log(l—l—x)—a:—i—?

1 1 1
Ry (uz>> ~ gt 3w~ g Ra(w) + 00 )

)+ e

u;) 80 myu; = my (1 + ;)

1
—u; + 4uf — 7R3(uz) +0(n°~ 2)

u; = h; +miu?

1
{3 Bs(us) + O

k
Lh? 1 R} 1 1 1
A(m) = E —55 T3 2 —m;R3 (u;) + g — Ui + - 1 - §R3 (u;) +O(n®
=1 g [
k k
1h? 1 h 1
A _ =% - i -
(m) " 3 + 2 ()2 — m; R (u;) ZE=1 2R3 u;) +O(n 7)

Because > u; =Y. O ( %) 0 (ne_%) since the sum is finite and Y u? gets even smaller, in fact it is O (n?*7') as n

gets large.
3
n_ 0(ni)
Now (m:)Q = O(n?)
its reciprocal is O(n=2). It is here we use the fact
k
1 h?
A =) —-—

that ¢ < %, as we now have

k
1
—mle uz Z§R3 Uz +O 3e— %)
=1

24
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1
= Rafu) + O™

_%)

where crucially for large enough n (m:‘)2 > Cn? for some positive C which allows us to say that



Now by taylor’s theorem, R3(u;) from how it was defined is %53 for some 0 < &; < uy, and since by definition u; = O (nafé)
and m; = O(n) so R (u;) = O (n?’“%) and thus so is ZZ 1 3R3(u;), and also m; Rs (u;) = O (n35*%> so at last we have
k

A(m) =

i=1

1h2
2m

(n* %)
The last step is

A(m):i—lhi%+0(n3€_ )
2310

A(m) = zk:—;;i 1+0 <Tll>) + O b

1h? o~ 1h2 (1 ge_ 1
A(m)22i+22io(n>+0(n3 7)
1=1 1=1
k
1h¢ Y
A(m)zZ—§E+O(n3 3)

Since that term was O(n?~1).

Now we are basically there because:

A (m) =log (P (m)) —log (P (m"))
Therefore )
¥ 1
log (P (m)) —log (P (m")) = §|y|2 +0(n*72)

Undoing logs gives

P(m) _

P(m*)
Where T goes to 1 as n goes to infinity for each fixed set of p values and regardless of m provided m is in R, so done with
part 2 of the claim.

—slyl*p

Lemma 2. There exists constants ¢, C' > 0 such that sup,,¢5 p(m) < Cp(m*) e~ for sufficiently large n. Assume the
probabilities are fixed and non-zero and the number of cells k is fixed.

Proof. We first show the simple inequality tyat says (1 +¢)log(1+¢) > ¢ + * forall t € [f%, %]

Consider (1+t)log(1+t) —t — L. The derivative of this is log (1 +¢) — % and the second derivative is %th — 2 which
in the range we care about is always non-negative. Notice that the derlvatlve at 0 is 0 so we have a graph with positive
curvature that flattens at t=0 where the value is 0, and thus the graph is non-negative in the range we care about so we
finished the inequality.

Define a probability vector q :== (q1,¢2,-.-,q%), > g = 1. Define t, := Z—T -

Define D(g||p) = Zle grlog (g—r) = Ele pr(1+t,)log (1 +¢,.). Using the inequality above we have the bound
2

D(q|lp) > Ele Dr (tr + %) whenever all ¢,’s are between —3 and +3 — we will handle the case where this is not

true separately.

2

k k
CUITED SV DR S S DM DA D
r=1 —1

r=1 r

. The standardized vector in components is given by

Given a table m set ¢, = 7=,

qr pr_O_E
o=l - Ok
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Recall that from this we derived
_ Z (0r — B,)?
r=1 Er

and also it is the case that

k
lm — E|2 = Z (Or — E?")Q
r=1
Therefore . i
2 2
2 (OT — Er) 1 2 "ITL — E|
vl ; E, ~ max, E, ; (O ) max, F,
By definition of R, if m ¢ R, |y\ > m;:Q; = p”zi . Here pyq. is the largest probability.
In the case where all t,’s are between —1 and +1 we had D(q| |p) > %Zle (q";%f = ;%an:l % = “g—lf S0

n26

= 3Ppmaz

nD (q| |p) > —2 so by the previous deduction nD (¢q| |p) >

If for some 1, [t,| > % then the set of possible q vectors (including cases where some are 0) sastisfying |t,| > % is bounded
and since it contains all its boundary points it is closed, and trivially it does not contain p. The function D(q| |p) for
fixed p is continuous on K (we say 0log(0)=0 for the case when one of the ¢’s is 0 as that is the limit of xlog(x) as x goes
to 0), it must be the case (by the technical results document, extreme value theorem) that D(q| |p) attains a minimum
value on K dy somewhere in K. Note that dy > 0: The proof of this is as follows.

For all positive u, log(u) < w — 1 because those curves are tangent at u=1 and log has negative curvature every-
where (differentiate it twice). Therefore log (%) < p—r —1 so quog( T) < p, — q, therefore quog( T) > qr — pr, SO

Zf:l QTIOg (Zf) > Ele g —pr = 0.

Note that log (u) = w — 1 only happens when u = 1 so if p and ¢ differ for any r then that term in the sum becomes
strictly positive and the rest are non-negative so the inequality becomes strict, hence the inequality is strict whenever g
and p are not the same, so certainly everywhere in K.

Therefore everywhere in K, nD (¢| | p) > ndp.

Note that as explained earlier the number of ways to get a certain table by doing a bunch of trials is exactly H mE and

[1p =exp (n ¢-log (p.)) where exp(x) means eAx. Now define another function H (q) := — Y ¢,log (¢,-) with Olog(())
defined as 0.

Now H?,!L 7 is the HT ,m™ coefficient in the expansion of n" = (m3 +ma+---+my)" so we have the inequality

Hrf,!LT; < Hﬁimpr sop(m) = WHPT <IIpm W

Taking logs gives log (p (m)) < nlog(n) — > m,log (m,) + >_ m.log (p.).
log (p (m)) < nlog(n anq«log g) = >_nglog (n) + Y m,log (p,)
log (p (m)) < = ng,log (g:) + > _ ng,log (pr)
log (p (m)) < nz g log( ) =—nD(q| |p)
Thus p (m) < e~Pll IP) < g=ndo

Now we apply lemma 1 and take logs of both sides of the formula for probabilities of particular unconstrained tables.

log (p (m)) = log (n!) Zlog () +Zmr10g (pr)

k k
1 1
log (p (m)) = nlog (n) —n + ilog @2nm) 4+ R, — E mylog (m,) — m, + ilog (2m,m) + Ry, + E m.log (pr)

r=1 r=1
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Where 0 < R,, < and 0 < R, < 50— < ﬁ, therefore

12n 12m, — 12np

k k
log (p (m)) = nlog (TL) —n+ %log (27’L7T) - Z [mTIOg (mr) - my + %IOg (erﬂ'):| + Z mylog (pr) + R

r=1 r=1

Where R goes to 0 as n goes to infinity.

Simplifying,
1 ~ 1 ~
log (p (m)) = nlog (n) + Slog (2n) — Z:: [mrlog (m,) + Slog (2mr7r)] +Y mylog(p,) + R

r=1 r=1

Because n is the sum of the m,.’s

k k
1
log (p (m)) = nlog (n) + flog (2nm) E [m.log (m,)] — 5 E [log (2m,m)] + E m.log (pr) + R
r=1 r=1

k k k
IOg (p (m)) 710g Qnﬂ— Z my IOg QT - % Z [1Og (2mrﬂ—)] + Z mTIOg (pr) + R
k k
g (p () = 5108 (2n) — 3~ I fo (%)) = 5 3" o 2] + 7
1 k 0" Lk
log (p(m)) = ilog (2nm) — n; [qr [log (pr)” -5 ; [log (2m,m)] + R
1 1
log (p (m)) = 1o (2n7) — D (g [p) ~ 3 S llog (2m, )] + B
r=1
k
log (p (m) =+ log (n) ~nD (g [ ) ~ 5 3 g (4.)] — > log(2m) + R
r=1

Note that ]og(2n) is a fixed constant here.

Note that |m* — E| < vk from earlier, therefore |¢* — p| < % and therefore D (q| | p).

By the technical results document (Taylor’s theorem),

2 3
log (QT) :log (1+ qr _pr> _ qr — Dr _ 1<Q'r_pr) +O <<QT_pr) )
Dr Dr Dr 2 Dr Dr
quog<qr) :((Ir) [qr_pr_2<qr_pr) -I-O(( pr) >‘|
Dr Dr Dr Dr

Now set d, = ¢, — p,, and we know from what we did a few lines ago that 6, = O (%)

() (%))

162 62 162
=0 -5+ L4+0(6) =645
2pr  pr ( ) 2pr

Note however that when we sum over r to get D(q*||p), the 8, term vanishes since those add to 0, and since 6, = O (),
D(q*||p) = O (%) and therefore nD(g*| |p) = O (). Since g} — p;, the log terms stay bounded.

n2

But then

qrlog (qr> = (pr +0,)
pr

+0(57)
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Therefore we have

k

1—k 1

log (p (m)) = ——log (n) —nD (q| |p) — 5 > _[log ()] + O(1)
r=1
From earlier, and
k
. 1—k 1
log (p (m*)) = ——log (n) — 5; log (¢7)] + O(1)

Since the terms +1 Zle [log (¢})] + O(1) stay bounded, we reduce to

log (p (m*)) = 5 log (n) + 0(1)

Therefore

p(m) 1o
g (p(m*)) —nD(q| |p) - 5; [log (g.)] + O(1)

Therefore we just need to bound Zle [log (g,)]. Outside of K, this is fine, as each q is bounded. Therefore we have that

g (20) ——up ] 1) + 011

p(m*)
p(

Therefore, if n is large enough, oy < Ce"Plal IP) outside K for some C provided n is large enough.

Since log (p (m*)) = L5Elog (n) + O(1)
It means that for n large enough, there exists positive constants A and B such that
An= <p(m*) < Bn' 7

Therefore, we have the bound (for some positive constants A and B).

Therefore, because outside K, nD (¢q| |p) > 3172;, p(m < Ce=*"" 0 the lemma is proved outside K.

Inside K, p(m) < e %" so p((m*)) < Cn'Fredn < e~ < e~ Fn™ for some C (because e < 1) and any large enough

n. The second inequality is because cn' 5 eventually is beaten by eFn (take the ratio and apply lhopital at least k-1
times as n goes to infinity to see this) This proves the lemma in all cases.

Proof of part 3 of the claim:

Pick A from the statement of the lemma to be ,/¢pm:n Where ¢ is as in the lemma 2 statement and p,,;, is the smallest
probability in the table.

Define R® as the outside of R. Pick mg € SN Ry, then P(m ¢ Rim € S) = Zg““:;(f;f;") < Zmes(mﬁoc)p(m)' Let
me

IS| be the number of lattice points in S. Then ), g~ rep(m) < |S[supy,gg p(m). By lemma 2, if n is large enough,
Supygr P(m) < |S|Cp (m*) e~°"’*. By part 2, if n is large enough, since mg € R we can force p (mo) > 1p(m*) e~ 3lwol?
where g is the vector my moved to the standardized world.

my—F;

npe We have
F

Now since the standardization is y; =

k 2

|y0|2 _ Z ((mo)}; E;)

i=1 v

i _2:|mo—E|2

a npmzn i1 NPmin

Since mg € Ro, \yo|2 Pmin 1'% by how R, is defined, and this is just |yo| < CPmin ’:’2;. Therefore we have

- npnun

that p (mg) > p(m*) e 3en* | Going back to the original inequality and putting in all our results, we get the following:

ZmESﬂRC p(m) < |S| Cp (m*) eicnzs
p(mo) - %p (m*)e*%cn%

P(m¢RlmeS) < = 2C|S|e 2"
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Now there are n+1 possibilities for each cell and k cells so we get the trivial upper bound which says, therefore |S| < (n + 1)k
2e

Pm¢RmeS)<2C(n+ 1)ke_%cn

Again exponentials beat polynomials so the above goes to 0, completing the proof of the proposition. So done.

Proof that this implies chi squared tests work:

Proof. Setup: S is the space we are constrained to which may or may not contain constraints other than only the total.
Let S = a+V where V is a space parallel to S and a is a line perpendicular to S. Then every z in S satisfies z = a +v and
22 = a? +v% Write L = |a|. Also if y is in the standardized world, then for any space A contained in S and the central
region (in fact we care about the squared distance so we only need A to be a circle, so there is no issue with A being some
weird fractal region or anything like that), if A, is the set of lattice points in the standardized world where there are no
additional constraints, and R is the central region in the space we are constraining to, then we have the following identity

by claims 1, 2 and 3:
ZzE/lnﬂA ¢(z) +o(1) ZzE/}nﬁR #(2)
Zze/lnns #(2) +o(1) ZzeAmR ?(2)

PyeAlyeS) =

Since the probability of being in the central region R tends to 1 we have the identity in the image above where ¢(z) is
proportional to e~ 217" where I mean the length of z in the standardized world.

Now let A be a circle/sphere in S with center a and A and S both having dimension equal to the degrees of freedom

_ T 3 _ a3 ~ how s
count. Then P(y e A| y € 5) = S e (14 0(1)) = = T (1 + o(1)) which we hope to show is
zes e 2 zes€ 2
1.2
' rad}us_cifLéA P (A genuine normal is in radius of A |In S), as then we will have a universal cumulative distri-
e 2

JS
bution for this distance A which gives the chi squared distribution when squared. We will simply show that the sums
approach the integrals as n goes to infinity then we will be done.

Important point: Subject to a constraint the expected cell is always in the middle of the lattice we are constraining to, ie
2
exactly E+a. Therefore the square of the length away from this point in the standardized world is actually % and

not off because E is away from the center of the normal distribution we are looking at — hopefully this makes sense.

Start with the situation where all constraints are imposed, then add even more until only a single point is allowed. Now
imagine removing the constraints one by one until we are back to where we started.

Each time we remove one constraint, we gain a new freedom of movement: from any allowed point, we can now move in
one new straight direction and still remain within the allowed set. Crucially, this direction is genuinely new — it is not
just a combination of the directions we already had — because if it were, removing the constraint would not have created
any new reachable points.

After all constraints have been removed, we are left with a flat space (the slice we are working in), and there is a fixed
collection of directions with the following property:

1. Starting from any allowed point, we can reach any other allowed point by moving some whole number of steps
forward or backward along each of these directions.

2. None of these directions is redundant: each one adds a new way of moving that cannot be recreated using the others.

Now fix one allowed point P. From P, draw a line segment to the point obtained by moving one step in the first direction.
Do the same for each of the other directions. Using these line segments as edges, we obtain a solid shape (a parallelepiped):
it consists of all points you can reach from Pby moving partway along each direction, but by no more than one step in
any of them.

We call this shape a repeating cell: it has the property that if we shift it by any whole-number combination of the
allowed directions, the shifted copies fill the entire constrained space without gaps or overlaps. Every allowed point lies in
exactly one such shifted copy. This has no points in its interior — This is easy to see if you imagine starting from the point
and then when you remove the first constraint connect it to the nearest point, when you remove the second one connect
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this line to the nearest identical line, and so on. So we can actually tile S with repeating cells such that the points in the
lattice are exactly the vertices.

Thus, the constrained space can be tiled by identical parallelepipeds built from these directions, and such a repeating cell
always exists.

Now recall that we define the riemann integral in higher dimensions as the limit of the sum of the value of the point at
one corner of the tile times the volume of the tile. In the standardized world, distances are divided by 1/n so the volume
converges to 0, and for fixed § > 0 the parallelopipeds are eventually all contained in a ball of radius é. Since the normal
distribution pdf is uniformly continuous inside R by the technical results document, it means that for any ¢ we can make
the amount the function changes within each repeating cell as small as we want, and therefore we can make the difference
of the integrals on our finite region as close as we want to the weighted sum of the points. This uniform continuity is
actually why these riemann integrals on continuous functions on a closed set work similarly to what we showed in level 4.

O

As for why we combine cells with expected values under 5, it’s just a rule of thumb, not really a rigorous statement with
anything special about 5, at least as far as I know. Essentially the reason is that for the central limit theorem to work, it
has to be possible for us to get tails in both directions. If the expected value was, say 1, then the distribution would not
possibly be able to be symmetrical without going into the negative values. Also, if p is small (which is usually when we
have small expected values), the cell values become well approximated by a poisson distribution, and by the central limit
theorem, the poisson distribution is better approximated by a normal the larger the mean is. As for why 57 You can see
from this picture that is about when the poisson distribution starts to look like a normal curve.

Figure 9 shows Po(3, 4, 5, 6) on the same graph, demonstrating that around 5 is when it starts to look like a normal
distribution.

" K/G’(

"Figure 9

9 Other properties of the chi squared and t distributions

Proposition. The formula (n — 1) g—j ~ x2_, is true for normally distributed variables

Proof. This follows from the definition of S%, 62 and x2_;. The result is clear if you were doing this with a N(0,1) variable,

then observe that f—: does not change when we scale or move the variable since s scales with ¢ and neither change by
shifting. Here is why it works for an N(0,1) variable: If T have a bunch of independently distributed random variables,
then we can use the same trick of using rotational symmetry of the normal distribution.

Let’s define

so X; =p+o2Z;

We have
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Where Z = L5 Z;.

Therefore,

e The vector (Z1,..., Z,) is a random point in R™ distributed as a standard normal vector

e The mean Z is the projection of this vector onto the direction (1,1,...,1)

e The quantity Y., (Zi — 2)2 is the squared length of the component orthogonal to (1,1,...,1)
By rotational symmetry, the “length squared” of this orthogonal bit is distributed as x2_;

This is because a standard normal confined to the plane such that the sample mean is what it is is just a rotation of a
normal with one fewer variable in a normal plane, and in that case chi squared is clearly the distance squared from the
origin of that multivariate normal. Conditioning is allowed as it is a continuous distribution and issues came from using
a discrete distribution.

O

Proposition. Suppose we have observations from 2 normal distributions X and Y with the same variance and we want
to test the difference between their means, and we have ny and ny observations from each variable respectively. Then if
we define
§2 — (g — 1) Saz + (ny — 1) syy
Ng + Ny — 2

p

Then the random variable (conditional on p, and p, being the means of X and Y respectively)

X_Y_(/Ja:_p*y)

1 1
N

nx ny

T =

has a t-distribution with parameter nx + ny — 2
Proof. Note: People call the parameter of the t distribution the number of degrees of freedom but I’'m not really sure how
the degrees of freedom relate to the dimension here, so I will merely consider it a parameter.

Note that a t,_; distribution is given by yi” in a sample of size n normally distributed variables, where scaling them

N
will affect the numerator and the denominator in the same way and shifting them will not affect the numerator. In the
two-sample t-test, we define the following, assuming X and Y have equal variance:

Note that S’g is an unbiased estimate for the variance since it is a linear combination of unbiased estimates for Var(X)

and Var(Y). We ultimately need to show that T has the same distribution as a tn,+n,—2 variable. Note that we have the
following:

X -V — (o — 1)

Z = is N(0,1)

The reason is because the variance of n, X, which is the sum of the elements of X, by additivity of variances is the sum of
all the variances of the elements of x which is ngo?. Therefore, since shifting does not affect the variance this is also the
variance of n, (X — p). Since multiplying a variable by the square of a constant multiplies the variance by that constant,

we get that that the variance of X — p must be % Similarly, we have that the variance of Y — y is %12; Therefore, we

have that the expression above is standardized correctly since the variance of the numerator is Z—z + 22 We also have the

following:

g_
ny

For the same reason as the similar formula we proved above: We simply have to constrain the means of X and Y which
reduces the dimension by 2.
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Now we have that

T = #U by definition of T. However, this is equal toiiv(o’l) which is equivalent to a t,,4n,—2 variable in the
X —
\ nztny—2 \V Xng4ny—2
Vnaxtny—2

traditional sense using the relation between S? and x?2.

Other stuff about t and f distributions do not require mathematics since the tables are based on numerical data with no
other implicit assumptions other than invariance under shifting and scaling. For example, as mentioned in level 5.2 it is
easy to see that the t distribution does not depend on the variance - it is clear if we fix the variance to 1, and it stays the
same when we rescale it.
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